These notes present an endowment economy with long-run risk, stochastic volatility,
(two) heterogeneous agents, and incomplete markets.

1 Model

1.1 Technology and Financial Markets

There exists a single tree producing nondurable consumption in every time period. 1 postu-
late that dividends Y; from the tree follow

Alog(Yiy1) = py + 24 + 0y 8y 141, (1)
Ti41 = Pzt + 020y 1Eq 141, (2)
U;,t = (1 - PU)UZ =+ Paai,t + 0y 1SE€ot41- (3)

Thus, aggregate consumption is subject to long-run risk and stochastic volatility.

Financial markets are incomplete. Agents are permitted to trade two assets, a one-period
risk-free bond and shares in the tree. Bonds are denominated in units of consumption and
are in zero net supply. I normalize the stock of shares to one and let (); denote the price of
a share.

1.2 Household

There are H types of households ¢, and each type has measure \;. Because agents are
identical within types, I will present the model in terms of the representative agents for each
type. Household 7 has Epstein-Zin preferences and chooses consumption C;;, next-period
bond holdings B, ;, and next-period stock holdings S;; to maximize

Vi — ((1 B (Ci) ™+ BE, [(Vias)' ] Tff) - (4)

where f3; is the time preference rate; 1); is the inverse intertemporal elasticity of substitution;
and ~; is the risk aversion coefficient for household ¢, subject to the budget constraint

Cit+ Bir +QiSiy < (Vi + RgQ1)Sis—1 + Ri—1Biy—1 + Ty (5)

Agents choose their consumption, next-period bond holdings, and next-period stock holdings
using income from dividends, capital gains on last period’s stock holdings, the return from
last period’s bond holdings given the lagged interest rate R;_;, and any net transfers 7},
implemented by a fiscal authority. My notation treats B;;_1 and S;;_1 as the quantity of
bonds and shares present at time ¢, while B, ; and S;; are the chosen quantities of bonds and
shares for the following period. I adopt this notation so that all time ¢ choices are dated at
time t rather than having to differentiate between the predetermined time-¢ variables from
the endogenous controls.



Solving the household’s problem is the same as solving the maximization problem

Vie =, ox ((1 ~B:) (Ci)' iy BE, [( zt+1)l_'y’]11—ff>1wi

Ci,t,B5,¢,5,t
+E (Vi + RytQe)Sit—1+ RicaBiy1 + Ty — (Cit + Biy + QiSit)) -
Vi
Define V;, = V;.};W, hence Vift_wi = V;ﬁ, and conjecture that V;, is a function of the state
variables S;;—1 = and B;;_1, among other states (e.g. the realized shocks). The first-order
conditions with respect to controls are

(6)

0= wzvl (1B - B - B
0= ;w gl u fz BV (1 - ), {V; prkce B} =0
0= T A TR - v B - 2
The envelope conditions for B;_; and K;_; are
;T‘?l — Euli,
a‘j(v = Z (i + RyyQ)

The Euler equation for bonds can be obtained by combining the envelope condition for
B, ;1 with the first and third first-order conditions. Iterate the envelope condition for B;; 4
forward by one period.

ov; —
aBt:l = i1 .
Define
C&iy = BV N (7)

as households’ certainty equivalent. Substitute this expression and the iterated envelope
condition into the third first-order condition.

1 o _
11— zlt = Bi(1 - wz)Cé’]; YR, [‘/i,trl)‘t—HRt] — St

= Vﬁzﬁz 572 VIR, [V =" t—i—lRt} — it

0=

Observe that, from the first-order condition with respect to consumption,

—_ b =i
Sig+l V;',t—l-l(l - Bi)ci,tﬂ

St V- B)C
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Divide the second first-order condition by =;; and substitute these quantities. Re-arrange
to acquire

(1-B)C; 1
(1- B0
(1 — ﬁl)cljtz‘%l i—i
(1 B BZ)CZ}% 3,t+1

1= B,CEL VR, |V iRV

= CELTE | B R;

Define agent ’s stochastic discount factor between periods t and ¢ + 1 as

—; i—Yi
Ciis1 <V;,t+1)w E
C'Z-Ttwi C&iy

M;ii11 = B

Using these definitions, the Euler equation for bonds becomes
1=E, [Mi,t,t+1Rt] . (9)

Households’ asset pricing equation for shares in the endowment tree can be obtained using
similar steps and will take the familiar form from consumption-based asset pricing. Iterate
the envelope condition for S;;_; forward by one period.

Vit —

= Sit+1
0S4

(Yit1 + Ryi11Qu1)-

Substitute this expression and other quantities derived previously into the third first-order
condition.

0=V BiCE Ry [Vi 11 Zia (Yer + Ryu1Qig)] — EiaQr
Divide by =Z;; and plug in Z; 11/, ;.
Vi (1= B)City
V(= 8)CrL

=E; [M;141(Yie1 + Ryi11Qi41)] — Q1
Qi =Ei [M;4141(Yep1 + Ryt1Qi41)] -

0=V, BCELVE,

(Y1 + Rq,t-i—th—H)] — @y

Finally, because V; is defined recursively, I can express households’ preferences as a forward-
looking difference equation. The value function V;; is homogeneous of degree 1 in C;; and
Vit+1. By Euler’s Theorem,

Vs

v Vi
e Vit

=—>C,,+E
, 8C¢,t01’t+ t|:

le} : (10)



The derivatives in this expression are, after simplification,

8‘/;t P; —p;
= =V2(1—-p35)C "
aCi,t 2,t ( 6) 2,1t
oV, . I S
S = VBRIV Vi
Wit

It is easy to verify this claim is true by direct calculation. Since Et[‘/llt?l’] is t-measurable,

oV _ i i
E, [ : Vz’,t+J =K [%IﬁlﬁzEt[Vzlﬂrﬂ o V;vltﬁz]
Vi

¥ 1—yi1 Yot 1=
=V @‘Et[Vi,tH] i ]Et[vi,tﬂ]
" N
= Vi,t’ﬁiEt[V;,Hf] i

Further algebraic manipulation verifies the claim.
To obtain a forward difference equation, define

Vit
Qi = —F7F——. 11
AV, /00, (1
Given this definition, becomes
V4 1
Q:.=C;y+E ’ V;
! # T [a‘/;,t—&-l OV;.1/0C; 4 ’tﬂ]

ov; oC; ov; Vi
= Cis + E { 141/ 0Ci 11 ! s ]

OVi1/O0Ciy  OVipp1 OVigi1/0C; 141
Notice that

OVi11/0C; 141 OViy _ ‘/zdzz—&-l(l _/Bi)o;sﬁil V»wlﬂ-E [Vk%]”f%;"iivf%
Vil 00 Vi — V(1= pc et e

_ Blcijtﬁil Vit i
' C;tw C&iy
= Mitt+1-
Therefore, simplifies to
Qip = Cip + Ey[My 141 144], (12)

which is a forward difference equation in ;. This expression also shows that €2;; may be
interpreted as wealth because it is the price of a claim to consumption.



The equations defining the value function V;; and certainty equivalent C&;; can also be
rewritten using €2; ;. Observe that
Vi Vi

OV
’ f — P — ) it = ’ Qz _ ;
avz-,tﬂv’t“} Ve = 5, O = B, S = Cud)
= Vﬁl(l - Bi)ci_twi(git - Oz‘,t)

ﬁz 1—1; zt 1%%
= 1 .
Clir ( 5 Y \e

Plug this version of C&;, into the definition of the value function to acquire

1—11/%‘
Vie=1(1-— iC’.lf‘/”_F ’ Blcl %( zt_1)>
7t (( /B> Z,t /8 /62 Zt Clt

—cu(-mg )

In light of these formulas, it will be convenient to define

Vi - C&: = Qi
’ ng — : ; Qz — ’ .
Cit * Ciz ! Ciz

These transformations adjust the definition of the stochastic discount factor to become

ol ~ Vi—;
Ci,ﬁﬁ Vz‘,t+10i,t+1£(Lt+1)
el CE,Ciy

— ~ vi—i
- ﬂ'ci,t:ykl Vit
= [ —= ke .
Cii" \ CE:y

Finally, because there is heterogeneity in agents’ portfolio choices, I need to include type i’s
individual budget constraints as optimality conditions.
In summary, households’ optimality conditions are

Vi BCEL " =B, {

‘Zﬁ,t — (].3)

z JgGt+1 — ﬂz

f/i,t = ((1 - ﬁi)Qt)kwia (14)

s\
ca¢=( B<m¢—n) , (15)

Bi

= Ciis1 ~

Qi =14+E, | M40 C Q1] (16)
it
s ~ Vi—i
C; tlll Vit
M; A = ) 17
i1 = B e\ Ceu (17)
1=Ewmmﬂm] (18)
Qi =Ei [M; 1141 (Yigr + Ryut1Qi41)] (19)
1

Czt+th+QtSzt<_(Yt+thQt) i,t—1- (20)
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1.3 Equilibrium

To close the model, I need to specify market-clearing conditions, fiscal policy, and the ag-
gregate state variables.

1.3.1 Market Clearing

Markets must clear for consumption, bonds, and the tree. Since dividends from the tree
are nondurable and there are no aggregate savings technologies, the consumption market
satisfies

> NCiy =Y, (21)
The bond market has zero net supply, hence
Finally, the stock of shares is normalized to one, so

AiSiy = 1. (23)
2

Because the stock of shares in the tree do not change over time, R,; = 1 so that the gross
capital gains between periods ¢ and ¢ + 1 is Q;11/Q;-

1.3.2 Fiscal Policy

The government exists only to implement lump-sum transfers among the different types,
and the transfers are used only to guarantee a nondegenerate wealth distribution. Follow-
ing Kekre and Lenel (2020), I assume that households fully anticipate the transfers for all
households except themselves, which they believe to be zero. As a consequence, from the
perspective of each household, the net transfers 7;; are unaffected by their consumption and
portfolio choice decisions.

The transfers follow the rule

Tit = —Tit(Re—1Bir—1 + (Vi + Q1)Sit-1), (24)

where 7;, = 7; for all households except a positive measure, for whom 7; ; = 7;, which ensures
that ). T;, = 0. Essentially, all households pay a type-specific tax that is proportional to
their wealth before transfers. To pin down 7;, define §; as the fraction of the measure of
households in type ¢ who pay 7;, so that 1 — ¢; is the measure of households who pay 7;.
Then

0= Z Tiy = — Z Tit(Ri—1Big—1 + (Yi + Q1) Sis—1)
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=Ry, Z TBii — (Yo + Q) Z Ti4Sie-1
=Ry Z?i(si)\iBi,t—l — (Vi + Q) Z?i5i)\i5i,t—1
— R 2(1 — 0i)\iBi—1 — (Vi + Qo) 2(1 — 0 \iSii1.
Let §; = 6. Then
0= Z T, = —Rt,lézFiAiBi,t,l — (Vi + Qt)azmisl,t,l

— R (1—-0)1y Z ANiBii-1— (Vi + Q)1 =61 Z NiSit—1
= —Rt—152ﬁ>\z‘3i,t—1 — Y+ Qt)fsz?z‘)\isi,t—l - Y+ Q)1 —0)n

by market-clearing for bonds and shares. Re-arranging yields

1 Z
= — R, _z)\sz — Y, o _’L)\ZS’L -
" (tht)(l—é)( o Zz. P Q0 2 TS 1)

Y Ry
= — i B; A
1_ (Y;f“i“QtZTZ i,t— 1+Z7_z Szt 1)

Notice that the quantity

Ri1Biy1+ Y+ Qu)Sit—
Y, + Q:

is type i’s wealth share in the absence of redistributive taxes. Thus, it is economically more
meaningful to write the taxation rule as

o 7, <Rt 1Bito1+ (Y + Q) Sis— 1)
1-6 Y + Q; '

(25)

T+ — —

An alternative approach is the one taken by Kekre and Lenel (2020). In their paper, they
set 0; = 1 for all groups except one, who pay the required amount to balance the budget.
Let ¢* denote this group. Then the transfer rule is

— B Zi;ﬁi* ?i/\i(Rt—le’,t—l + (Kt + Qt)Si,t—l)
t Ao (Rec1Bis g1 + (Ve + Q1) Siv 4-1)

(26)

1.3.3 Aggregate State Variables

Aside from the exogenous shocks, the wealth distribution is a state variable. By construction,
agents can be aggregated within the household types, so I only need to track the wealth
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distribution across the H types. Let W;, denote the wealth share of type ¢ in time ¢ given
agents’ portfolio allocations at time ¢ — 1. Then

R Big Y+ Qu)Sii1 + Ty
Wie=M\ )
Y, + Q¢

Households in type ¢ obtain a bond position of R;,_1B;;_1 at the start of period ¢, earn divi-
dends Y;.S;;_1 from the tree, hold shares worth ()..5;:—1, and receive redistributive transfers
T;+. The total stock of shares is one, so the total wealth in period ¢ is the sum of aggregate
dividends Y; and the value of the tree, inclusive of capital gains.

Given this definition of the wealth distribution, each type ¢’s budget constraint becomes

(27)

1
Cit+ Bip + QSiy < )\—VVzt(Yt + Q). (28)

Iterating the wealth shares one period forward yields
RyBiy 4 (Yigr + Q1) Sip + Tigp1 N (S RiB;+ + Ti,t—i—l)
=Ai\ vttt —~——~ |-
Yir + Qi Yier + Qi

Anticipating the need to write the forward-looking terms on RHS as linear, define the aux-
iliary variable

Witta = A

Ry By + T4
Y, + Q: '

Note that I need to include S; ;1 in because it is possible that, with leverage, R;_1B; 1+
T+ < 0, and forward-looking variables must be strictly positive for a risk-adjusted lineariza-
tion. It follows that the evolution equation for the wealth share of type 7 is

Wiir = NiOigr1 = N(E[O; 141] + (©5441 — Ei[O;144])).

Ot = Sit—1+ (29)

The second equality is required to permit a risk-adjusted linearization. To allow greater
accuracy in the approximation, I can also incorporate expectations of W;, and ©,, further
into the future. Define ©;;; = E;[0;;+;]. Then

@z‘,j,t = Et[@z‘,t+j] = Et[Et+1[@i,t+l+(j—1)H = Et[@i,j—l,t+1]~
Define W, ;; = E;[W; 14;]. Then
Wi,j,t = Et[)\i@i,tJrj] = )\i@i,j,t
Wz‘,j,t+1 = )\iEt+1[@i,t+1+j] = Ai@i,j,t—l—l = /\i(@i,j+1,t + (@z‘,j,t+1 - ]Et[@i,j,t+1]))~

The final equality for W, ;,.; follows from the fact that ©;;; = E;[©; ;_1++1]. Thus, given
a choice of N; for the maximum number of periods that I approximate the conditional
expectations of ©;,,;, the wealth share for type ¢ and the jth period ahead expectation of
the wealth share evolve according to

Wijir1 = Mi(Oijrie + (Oijir1 — Ei[Oijis1])), (30)
W1 = XNi(Oi1t + (Oi011 — Ei[O;441]))- (31)
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1.3.4 Equilibrium Conditions

Since the tree and wealth shares must sum to one, I reduce dimensionality by setting Sy, =

1-— Zz;ﬁH Si,t and WH,t =1-

Zl?ﬁH Wivt :

All together, the equilibrium conditions are

‘/zt— ((1_ﬁz) it )1_1%7

~ 1
Cgt:(

— i ¢ =
Qit_ )

. Cipot -
Qi =1+E, {Mt,t—kl C’,tH Qt+1:| ;

it

s ~ vi—i
Vi
Cz',t+1 Vit
z JgGt+1 — 6@ P ~ )

Vi
Ci

CE:

1 =E; [M;tr1 Ry,

Q: =
Cit + Biy + QuSiy < Y
R, =1,
Tiy =
Tt — —
Tit :57'1‘

Ey [M; 11101 (Yigr + Qura)]
! ~ Wi (Y 4+ Qy),

—Tit(ReBir—1 + (Yi + Qi) Sis—1),

Y + Q:
(1—5)t

H
=> \Ciy
z;l
0=> \Bi
z;l
1= A\Si
=1

Ot = Sit + Y+ O
Ot = B[O 141]
Ot = Ee[Oij-1,41]
Wijt1 = Mi(Oiji1e + (Oje01 — Ee[Os5611])),
Wiir1 = MOt + (Oi441 — Ey[O5441])),

and the exogenous processes

Alog(Yi41)

Ry 1B+ T,

= fy + Tt + Oy tEy 11,

9

5 (Rt let 1+(Y;£+Qt) i, t— 1)
T—s2T ’

(32)

(33)



Tty1 = Pzt + 020y t€x,t4+1,

U;,t = (1 - pU)O-Z + pa'o-;t + O'y,thfOﬂH,l. (53)

1.3.5 Stationary Equilibrium Conditions

Because of the unit root in Y;, the model is non-stationary. To obtain a stationary represen-
tation, define the transformations

~ Cit  ~ @ T By T
it Y, Qq Y, -1 Y, it Y, it Y, (54)
Y; = exp(Alog(Y;) — py) = exp(xi—1 + 0y 1—164t) (55)

Most of the calculations for the stationary representation are straightforward, so I only show

the work for the more complicated cases.
The stochastic discount factor becomes

— ~ i—i
My por = B'Ci,tﬂ-/i-l ‘/i,tJrl
e\ cey
Sy ~ Yi—; i
:B'Cz’,tﬂ-if—l Vit (Y%H) !
"C\ CEy Y,
Sy ~ Yi—;
Ciit [ Vign
= fB;— = exp(log(Yiy1) — log(Y;))) ™™
B oo\ ce., (exp(log(Yit1) — log(Y1)))
S ~ i—vi
ok V. - —i
= Bt | 2 <Yt+1 eXp(,uy)> :

C.." \ C&iy

The forward difference equation for € becomes

Ci141Yit1 =
FARRSAn|
M i1—=—,

itdt

Qi =1+E,

Citr1o &

41

M4 101—=—Ye 1y
it

=1+ exp(py)E;

The asset pricing equation for the endowment tree becomes
Qth = Ey[M; 4441 (Y1 + Qt—&—lY;H-l)]
~ ~ Y,
Q= E, |:Mi,t,t+1(1 + Qi11) ;jl]
t

= exp(fty)Ee[M; 4 441(1 + Qt+1)}~/t+1]-
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Instead of Y}, the relevant endowment process is
lOg(Y/;) = T—1 + Oy t—1Ey,t-

I will also remove the fiscal policy from equilibrium conditions to reduce dimensionality.
First, I substitute the net transfer term into the definition of ©;;.

Ri_1B;,—
Oir = (1 —7ig) | Sipr + s
1+ @y

Second, when coding the model, I will treat the common tax rate and type-specific tax
rate as functions of the state and jump variables. Third, if I use the redistribution
scheme adopted by Kekre and Lenel (2020), then for the group i* whose tax clears the
budget,

Oy — (1 - Zi;ﬁi* ﬂ)\i(fzt—léi,t—l + (~1 + Qt)Si,t—1)> (Si*,t—l(l + Qt) ‘f: Rt—IBz‘*,t—1>
’ Nir (Re—1Bi= t—1 + (1 + Q1) Si= 1-1) 1+Q;
Aie(Re-1Bis g1 4 Si= g1 (1+ Q1)) + D ik Tidi(Ri1Bis 1+ Sis 1 (14 Q)
L+ Q

Ry 1By 4 Ry 1B,
- )\i* L,Jtl + Si*,t—l —l— Z?Z)\Z Lj‘/l —|— Si,t—l .

Finally, T will further reduce the model’s dimensionality by using the market-clearing
condition for wealth to remove the wealth share state for type H:

H-1

Wie=1-> Wi (56)

i=1

In summary, the stationary equilibrium conditions (excluding the exogenous shocks) are

- L1
Vie = (1= B;)) ", (57)
 p. A\
CEsr = ( Zq,, - 1>> , (58)
~ éi,tJrl A~
Qi = 14 exp(py)Ee | Mg 141 e Y1, (59)
it
s A ~ Vi—s
C; tYﬁl Vits - i
M1 = B é;t% CT” <Yt+1 eXP(Hy)) : (60)
1 =E; [M;1 1R, (61)
Q= exp(fty ) Ee[M; 4 441(1 + QtJrl)ﬁJrl]y (62)
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1 s
Czt+th+Qt it < —Wii(14+Qy), (63)

by
P (64)
ﬂt = _th(Rtht 1+(1+Qt) it— 1) (65>
T Zz 7 (Rtle“t_l—i_(}—i_Qt) Z’t_l) if ﬁXil’lg 0; = (5,
S 1-5 1+Q¢ (66)

i TiXi(Re—1Bi i 1+(14Q¢)Si 1)
Nix (Re—1Byx ;1 +(1+Q1)Ssx 1 1)

0T, + (1 —0)1, if fixing §; = 4,

if using K1.2020 tax rule,

Tit =S T if using KL.2020 tax rule & i # i*, (67)
Ty if using KL2020 tax rule & i = i*,
H

1= NCiy, (68)
=1
H ~

0= Z AiBi, (69)
=1

H
1= NS, (70)
i=1

H-1
Wie=1-> Wiy, (71)

i=1

Ri_1Biy 1+ T,
O = Sit1 ol !
1+ Q
Ri_1Bis_
B (1- Ti,t) (Si,tfl + %) ) )
)\i*% + Sip1 D i TiNi (Rt%Bé;H + Si,t—l) if 1 =1,

(72
©i1+ = Ei[O;111] (73
Ot = Ei[Oij-1,41] forj=2,... N, (7

Wijirr = Ai(Oijrie + (i1 — Ei[Oije41])), (75

(Oine+ (041 — Ei[O;441])). (76

=~
N N e N N

zt+1 - )\z

1.4 Representative Agent

To provide an initial guess for the risk-adjusted linearization and to provide a verification
that the model is coded correctly, I solve the representative agent version of the model and
use its solution as an initial guess for the heterogeneous agent version.

To solve the representative agent version, I use the deterministic steady state as an initial
guess. Within this subsection, I denote the deterministic steady state values by an absence
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of a time subscript or tilde. By construction, the growth of the endowment is exp(z), the
long-run growth rate (excluding the deterministic growth p,) is * = 0, and the long-run
volatility is o,.

Focusing now on the equilibrium conditions, from and

_1

Vo= ((1- Q)T C& = (1 g, - 1)) o

Bi

= = = 1(ﬁ~—6> = | Biz :

From and ,

V i—i Q T—9;
Mi: i ~Z Ye = i = - Ye T
5 (C&) (Y exp(py)) p (5 0, — 1) (Y exp(py))
Q=1+ exp(,uy)MZ-YQi
q \ ~
= 1+exp(u)Bi | Big— (Y exp(py)) Y
PYi—vi
Yi—vi+(A—v;) QZ 1—b; .
=1+p " <5i = ) (Y exp(py)' 7%
Q;,—1
1 1—v;
1= ZY exX = :
&} p(Hy) <Qz — 1)

Qz’ —-1= (@Y eXP(Ny))l_wiQi
O 1
C1— (B exp(py)) v

Since Y can be determined directly from parameters, this is a closed form formula for Q,
which also determines the values of V;, CE;, and M; in the deterministic steady state.

Moving onto the remaining equilibrium conditions, the Euler equation (61)) becomes
1
R=—.
M;

The tree asset pricing condition becomes
Q = exp(py) (M;(1 + Q)Y) = exp(py) M;Y + exp(piy) M;Y Q

0= eXp(:uy)MiY
T expl) MY

Since there is a representative agent, B; = 0, S; = 1, and W; = 1, hence C; =Y = exp(x).
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1.4.1 Initial Guess for Heterogeneous Agent Model

I need to specify how a representative-agent solution (z,, y,, ¥, is interpolated into (z,y, V)
because the dimensionalities differ.

The interpolation is relatively straightforward for z and y since the individual-specific
variables will be the same as in the representative agent version. Not all jump and state
variables, however, can be based on z, and y,. The initial portfolio allocation will be set to
vt/ Yo ! so that lower risk aversion agents hold a larger share of the tree. Additionally,
I assume that consumption shares are equal to the portfolio allocation as well. I set the
consumption choices all to the same value, as implied by the representative agent solution.
Similarly, the price of the tree per dividend is the same as in y,. The wealth distribution, by
assumption, can be arbitrarily chosen. The budget constraint for type ¢ implies that bonds
satisfy

1
In a steady state, the wealth shares are

RB;

Combine these two equations to eliminate W;. Since 5;, R, @), and C; all have guesses and
given tax rates 7;, I have a system of H — 1 equations for the portfolio bond allocations, as
the last bond position follows from bond market clearing. In the case where H = 2, I have

B1 == (1 - Tl)(Sl(l + Q) + RBl) — Cl — QSl
1-1-m)R)B=51((1-1)+Q(1—-7 —1)) = C
B — 51((1 - 7'1) - TlQ) - ()
! 1—(1—7)R '

After the portfolio choice is set, all remaining state and jump variables in the heterogeneous
agent model can be populated.

The interpolation for ¥ is more complicated. Rather than formalize the interpolation
scheme, I briefly sketch it. The idea is that in the representative agent solution, the deviation
of a jump variable from steady state is a linear combination of the deviations of the state
variables from steady state. For initial guesses of W for the heterogeneous agent solution,
I will use the same coefficients for each row corresponding to type ¢’s jump variable. With
sufficiently small heterogeneity, the dependence on the new state variables like the wealth
distribution should be small. If nonzero guesses are needed, then small perturbations in the
economically sensible direction should work.
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2 Risk-Adjusted Linearization

We now proceed to converting the equilibrium conditions into a suitable form for a risk-
adjusted linearization. The system should conform to the representation

0 = log IE; [exp (£ (2, ¥¢) + s 21 + Doyes)]
Zeer = P2, Ye) + Az, ye) (Y1 — Eeyern) + 2(21, ye) et

where z;, are (predetermined) state variables and y, are (nondetermined) jump variables.
For the remainder of this section, lower case variables are generally the logs of previously
upper case variables, whether or not they had tildes. The exceptions are as follows. The
lowercase equivalent of the certainty equivalent C&;; will be the plain lowercase letters ce;.
Additionally, depending on the number of agents and redistribute taxes, it may not always
be numerically feasible to take the log of bond positions. The reason is that levered agents
will take negative bond positions, so if agent i is levered, the log position would have to be
—log(|B;t]). More generally, I would have to specify which types I expect to be levered before
running the numerical algorithms. Thus, instead of a lowercase letter, I may sometimes use
a capital letter for bond positions because I will linearize with respect to the level rather
than the log. To avoid extra notation, I will now apply an abuse of notation and let B;,
denote the bond position per dividend (rather than the total bond position). I will also
not take the logs of ©,,, ©;;:, Wi, and W ;;, but because they appear as forward-looking
variables in some equations, [ will add their log values as auxiliary variables and denote them
by lowercase letters.

2.1 Exogenous Shocks

The martingale difference sequences are all standard normal random variables. The matrix
¥(2¢, y¢) has nonzero entries for the rows corresponding to the three exogenous shocks vy, z,
and oy, which take the form

~J
\]
~—

Y41 = Tt + Oy 1€y 141, (
Tip1 = PaTt + 020y i€ t41, (

2 2 2
Oyt+1 = (1 - pU)O-y + Po0y ¢ + Oy,tS€q,t+1-

—~
-3 =
O oo
S—

2.2 Endogenous Equilibrium Conditions
2.2.1 Preferences, Asset Pricing, and Market Clearing

In this subsection, I list the risk-adjusted linearization of equations related to households’
preferences and asset pricing.
Equation becomes

1

="

(log(1 = B;) + wir) — vig.
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Equation becomes

0 (log(1 — f) — log(p) + log(exp(wis) — 1)) — ceiy

1

1 =1
Equation will be handled later because it is a forward difference equation. Equation
(60) will be directly substituted rather than used as an equilibrium condition. Using the
transformations for a risk-adjusted linearization, the stochastic discount factor becomes

M1 = 10g(B) — vi(Ciugr — Ciy) + (Vif — %) (Vigs1 — ceiy) — Vi(Yes1 + 1hy)
= log(ﬁ) +vicip — (i — i)ceiy — Yilly =ViCit+1 + (i — Y)Vig41 — Vilht -

Vv vV
13 forward

Equation becomes

O0=E; | n +mitsn1
N~ N——
13 both

Equation (37)) will be handled below because it is a forward difference equation.
The market-clearing conditions — become

a
0 = log Z )\iéi,t> )
i=1

- \By
A By ’

0 = log

H
0=log (> A,-SM) :
=1

Notice that because bonds are in zero net supply, the bond market-clearing condition has
to separate out at least one component of the sum. Without loss of generality, we separate
out the bond position of type H, with the assumption that type H households are either
borrowers or savers in the stochastic steady state.

2.2.2 Portfolio Choice and the Wealth Distribution

Due to the required form of equilibrium conditions for a risk-adjusted linearization, I need to
be careful with the handling of the portfolio choice and the wealth distribution. The budget
constraints for each type bind in equilibrium so that

0 = w;; — log(X\;) + log(1 + exp(q:)) — log(exp(cit) + Bit + exp(q: + sit))-
If I choose to use the log bond positions b;,;, then the condition becomes

0 = w; s — log(A\;) + log(1 4 exp(q:)) — log(exp(cit) + exp(bit) + exp(qr + sit))-
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The net transfer rule has already been substituted into ([72)), so I will skip this
condition. The common tax rate and tax rate on type ¢ become

g = (eXP(Tt—1>Bz‘,t—1 + (1 + exp(q:)) GXP(Si,t—1))
el 1+ exp(q) ’

Tit = 6?1 + (1 - 5)7}

Tt — —

if the first tax rule is implemented. Under the Kekre and Lenel (2020) rule, 7;; = 7; except for
some ¢*. The wealth market-clearing condition is directly substituted into the relevant
equilibrium conditions, or else the degrees of freedom will be too large, and the steady state
will not be stable.

Equation becomes

exp(re—1)Bis1
o8(1 = 30 + o (exp(sy-0) + TRELEL) Ciogee )

The conditional expectations for W, can be written as
Wijir1 = AiOijr1e + Ai(Oijir1 — B[O j141])-
The wealth shares for types ¢ € {1,..., H — 1} in evolve according to
Wiitr = NiOi1e + Ai(Oi001 — Ei[Oi441]).

I also need to add equations for the auxiliary variables to implement the conditional
expectations of ©;,. Let

ei,t = log(@i,t)a (80)
ei,j,t = log(@i,j,t)a (81)

so that and become

Ot = Et [Oir41] = E; [exp(log(©; 141))] = Eilexp(6;4+1)]
= 1 =E; [exp (0111 — log(©i1,0))]

zjt t[ ij— 1t+1] K, [eXp<10g<@i,jfl,t+1>>] = Et[exp(ei,jfl,tJrl)L
= 1 =E;[exp (61,011 — 10g(©i4))] -

Re-arranging yields the required form

= —10g(©;1¢) + 041,
———— N
I3 forward
= —10g(0; 1) +0ij-1,+1 -
\q,_./ — —

I3 forward
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To add 0+ and 0; j; as jump variables, I add the following equations to the system: which
implies the equations

1= exp(@i,t — 10g<®z,t)) = 0= 81'715 — log(@i,t),
1= exp(@i,j,t — log(@i7j7t)) = 0= ei,j,t — 1Og(@i,j,t)-

Note that I cannot use w;; or w; j+. Given the work done previously, and can
be written as

1= Et[exp(ei,t+1 - 91‘,1,15)}7
1 =E[exp(0i 1411 — ij1)]-

However, takings logs of would yield
Wi = log(Ai) + Oigr = log(Ni) + Bl p11] + (0ip1 — Ee[bi41])-
Observe that
Oi14 = E[O5041] = 010 = 10g(Oi1,0) = Log(Ee[Os41]) 7# B [log(Osp41)] = Ee[6; 144].
The same problem occurs for .

2.3 Forward Difference Equations

This system has two forward difference equations and . To ensure accuracy of the
risk-adjusted linearization, I derive N-period ahead forward difference equations for both.
For , define

n n—1
D;C‘;t = E;[M;, t+1D1(Q til] (82)
POy = Eu Mg PG, (83)

with boundary conditions DZ O+ = Yrand PZ(% . = Q. To get these equations in a stationary
form, let D'y, = D\ ,/Y; and P}, = P}, /Y, hence

[DEB,t = exp(,uy)E [M’L t t—i—lY;H-lDl( ,Q, tJ)rl]y (84)

P, = expljuy)Ee[ M1 Yer1 Py ), (85)
with boundar}’ conditions f)%t = 1 and Pth = Q. Therefore, if digps = lOg(chgt) and
Dignt = log( Pi(,g),t)7 then the forward difference equations in can be represented as the
H x (2N + 1) equations:

N
0=logE, |exp | ¢ —log (Z exp(digni) + exp(pz-,q,n,t)) (86)
n=1
b
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. _
logE; |exp | py — digne+Miter1 + Y1 + dign-1141 ifn>1
—_—— —— ~
0— | 13 both forward-looking (87)
loglE; [exp | py — dig1e+ g1+ Yi+1 ifn=1,
—_————  —— ~~
\ 13 both forward-looking
p -
logE; |exp | fty — Pignt + Mt i1+ Yir1 + Digm—1,041 ifn>1
—_— Y= ~~ d
0= | 13 both forward-looking (88)
logE; |exp | pty — Pig1e + Mt i1+ Y1 + Qi if n=1.
—_————— ——  —m/
\ | I3 both forward-looking

The forward difference equation yields the recursion

N-1
0=1logE; [exp | w;: — log (Z exp(d;wnt) + exp(pi,w,Nyt)) (89)
N n=0 B
13
. _
logE¢ [exp | pty — Cit — digwnt + Miges1 + Cippr + Yo + diwn—1,¢41 ifn>1
N -~ H/—/ N -_
0= R 3 both forward-looking
logE; |exp | diwoy if n=0.
——
\ i 3
(90)
. _
loglEy |exp | fty — Cit — Diwnt + Miti+1 + Citr1 + Yep1 + Piwn—1t41 ifn>1
A ~ - W—/ ~ 7
0= B 13 both forward-looking
logE; |exp | pty — Ciit = Diw,1t +Mipe1 + Ciggr + Yeg1 + Wi t4+1 ifn =1,
L | ? both forwar(;—,looking
(91)

where terms and boundary conditions are analogously defined. For details of the derivation,
see these notes.

For the representative agent model, the jump variables are ¢, ¢;, vy, cey, and wy. The
state variables are the autoregressive processes.
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https://github.com/chenwilliam77/RiskAdjustedLinearizations.jl/blob/main/examples/nk_ezdis/nk_ezdis.pdf

For the heterogenous agent model, the aggregate jump variables are ¢;, and ;. The jump
variables for types ¢ € {1,...,H — 1} are ¢;4, B;;, and s;;. The jump variables for types
ie{l,...,H} are vy, ceip, wiyg, Oir, i i1, ©ir, and O, ;4. The state variables are ry_1, B;;_1,
Sit—1, Wis, Wi+, and the autoregressive processes. The equations defining the evolution of
the lags 7,1, B;;—1, and s;;_; are obtained by the formula z;_1)41 = .
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