Truncated Jacobi operators
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On the upper branch of the teardrop curve,

v = {m) = 0la) = 11— (L4 a) y2 0, 1< < 1},

with the inner product,

.9)= [ 1o (5 VO) was@lde, sl = (1= 00+ 2

we do not have an explicit OP basis but we can construct it with the Gram-Schmidt procedure.
The orthonormalized OP basis satisfies

xQn - BTTL—l,lQn—l + An,lQn + Bnle""’l’

an = Bl_ngnfl + An,2Qn + Bn,2Qn+1-
The Jacobi operators are asymptotically, as n — oo, block-Toeplitz with 3 x 3 blocks. Let
A = lim,, o A, 1 and let AY, B*, BY be similarly defined. For o = § = —1/2, we find that
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The symbols associated with the limiting x and y Jacobi operators are, respectively,

BJ:T ByT
X(z):( z) + A* + B*z, Y(z):( z> + AY + BYz,

where z is on the complex unit circle. The symbols commute, satisfy the algebraic equation
defining  and the image of their joint spectrum is the support of the OPs (also ), i.e.,

X(2)Y(2) =Y ()X (2), Y(2)'=¢[X(2)] = i [1-X(2) " [T+ X(2)],

and
{()\z,ia )\y,i) . X(z)% = )\x,iCIh Y(Z)Qz = )\y,iqia )\y,i = ¢()\x,2)7 1= 17 2737 |Z’ = 1} =7 (3)

see Figure 1.
It is possible to construct truncated versions of the limiting 3 x 3-block-Toeplitz Jacobi
operators in such a way that they commute and satisfy the algebraic equation defining the
teardrop curve. The truncated operators take the form
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Figure 1: In blue, the joint spectrum of X (z) and Y'(z), i.e., a plot of (A, ;, A, ;) defined in (3),
sampled at 20 equally spaced points on the complex unit circle. In green, the joint spectrum
of 33 x 33 versions of the truncated operators X and Y defined in (4)—(6).

where A, af are 1 x 1 matrices; Bf, bf are 1 x 2; A{, a] are symmetric 2 x 2 matrices and
BY, b} are 2 x 3 and A®, B* are the 3 x 3 matrices defined above. The truncated operator Y

is defined similarly.
The entries of the block matrices in the top-left and bottom-right corners (Ag, af, A, af,
etc.) are determined by requiring that

o~ ~ ~ ~ 1 N2 -
XY =YX, Y2:¢(X):Z(I—X> (1+X), (5)
and that their joint spectrum lie on the support of the OPs. That is, we require
X=0MQ", Y=0AQ, A =Vol), (6)
where () is an orthogonal matrix.
For a = = —1/2, we have found a 4-parameter family of truncated operators that satisfy

(5) and (6): A*, B*, AY, BY are given in (1) and (2);

g 0 10 00
simte)e om0y a- (7 0) w0 00

where x1, 25 € [—1,1];

where 3,24 € [—1,1] and

18v 0 -1 6 —2 V2
d= (1), %=M(U,ﬂ:< Om),w:v(oo 0),v:aw

where y; = \/o(x;), i = 3,4. Figure 1 shows the joint spectrum of X and Y for the choices
T = 1,1’2 = —1/4,$3 = 0,1‘4 =—1.



