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OVERVIEW
• Computing with curves?

• Multivariate orthogonal polynomials

• Nonclassical domains:

• Half-disks, trapeziums

• Circles, arcs, spheres and polar caps (?)

• Quadratic surfaces of revolution



• What is the “right” way to represent curves and 
surfaces?

• “Right” implies spectrally accurate

• What is the “right” way to do function approximation 
on and inside curves and surfaces?

• “Right” implies spectrally accurate, a la  
Chebyshev expansion 



USE ALGEBRAIC CURVES/SURFACES!
• Approximate general curves/surfaces by algebraic curves/surfaces

• That is zero sets of polynomials

• Use restrictions of polynomials to algebraic curves for function 
approximation

• Polynomials modulo the vanishing ideal

• Orthogonalizing gives multivariate orthogonal polynomials 
with nice structure



REPRESENTING CURVES, 
3 OPTIONS 

• Grid points + Interpolation

• Parameterisation

• Level set method



REPRESENTING CURVES, 
3 OPTIONS 

• Grid points + Interpolation

• Parameterisation

• Level set method
using polynomials
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x2 + y2 � 1
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APPROXIMATE IMPLICITIZATION

� 9WYEPP]� GYVZIW EVI KMZIR F] TSMRXW (x1, y1), . . . , (xm, ym)

� 8LIVI I\MWXW ER IEW] [E] XS RYQIVMGEPP] GEPGYPEXI E TSP]RSQMEP p(x, y) [LSWI ^IVS
WIX ETTVS\MQEXIW XLI HIWMVIH GYVZI�

� )QFIH XLI GYVZI MR E WUYEVI� ERH VITVIWIRX p(x, y) EW E HIKVII n XIRWSVIH 'LIF]�
WLIZ I\TERWMSR

� 'SRWXVYGX XLI IZEPYEXMSR QEXVM\ EX XLI TSMRXW

� 8LI RYPP WTEGI SJ XLMW QEXVM\ KMZIW XLI GSIJ½GMIRXW SJ p(x, y)

� %HETXMZIP] MRGVIEWI n YRXMP XLIVI MW E RYPPWTEGI
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APPROXIMATE IMPLICITISATION
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APPROXIMATE IMPLICITISATION
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The calculated polynomial in tensor Chebyshev



APPROXIMATE IMPLICITISATION
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The zero set of the polynomial match the given points: its in the kernel of the Vandermonde matrix



� 0SRK XIVQ KSEP� GSQTYXEXMSREP QIXLSHW SR GSQTPMGEXIH HSQEMRW EW EPKIFVEMG
GYVZIW

Ĝ 7SPZI 4()W SR WYVJEGIW� MRWMHI WYVJEGIW� IXG� YWMRK SVXLSKSREP TSP]RSQMEPW E
PE YPXVEWTLIVMGEP WTIGXVEP QIXLSH

Ĝ ;SVO [MXL KISQIXVMIW HI½RIH ZME RSRYRMJSVQ VEXMSREP &�WTPMRIW �296&7


� 7LSVX XIVQ KSEP� HS WSQIXLMRK �ER]XLMRK�
 [MXL 34W SR ERH MRWMHI WMQTPI EPKIFVEMG
GYVZIW ERH WYVJEGIW
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MULTIVARIATE ORTHOGONAL 
POLYNOMIALS

[Dunkl & Xu 2014]



Classical multivariate orthogonal polynomials 
allow function approximation and 

solving PDEs on
balls, circles, squares, triangles, spheres

CLASSICAL



Fast transforms in software thanks to Slevinsky

CLASSICAL



2D OPS ARE (KINDA) LIKE 1D OPS

• Non-uniqueness

• Three-term recurrence

• Jacobi operators

• Evaluation

• Clenshaw and multiplication operators



1 − x2 1 − y2 Tn−k(x)Tk(y)

Domain Weight OPs

xayb(1� x� y)c
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OPS LEAD TO  
SPARSE DISCRETISATIONS OF PDES

Δu + v(x, y)u = f

Degree 2-polynomial
[Beuchler & Schoeberl 2006]

[Li & Shen 2010]
[SO, Townsend & Huybrechs 2019]



OPS LEAD TO  
SPARSE DISCRETISATIONS OF PDES

Sparsity not specific to a triangle: guaranteed because
boundary is algebraic curve!
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<latexit sha1_base64="qHkhWi6SWyMbzLgZN9oeuuanxYI="></latexit><latexit sha1_base64="qHkhWi6SWyMbzLgZN9oeuuanxYI="></latexit><latexit sha1_base64="qHkhWi6SWyMbzLgZN9oeuuanxYI="></latexit><latexit sha1_base64="qHkhWi6SWyMbzLgZN9oeuuanxYI="></latexit>



CLENSHAW’S ALGORITHM
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<latexit sha1_base64="E4VjsP1Mua9m9pUpf5JnDPJutPg="></latexit><latexit sha1_base64="E4VjsP1Mua9m9pUpf5JnDPJutPg="></latexit><latexit sha1_base64="E4VjsP1Mua9m9pUpf5JnDPJutPg="></latexit><latexit sha1_base64="E4VjsP1Mua9m9pUpf5JnDPJutPg="></latexit>



HALF-DISK
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<latexit sha1_base64="y2PIFASdfrN7W4kuNrzdTEwGr3c="></latexit>



HALF-DISK
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2)b/2 SR 0 < x < 1

� )\EQTPI SJ HSQEMR [LSWI FSYRHEV] MW ER EPKIFVEMG GYVZI

� +IRIVEPM^IW XS XVETI^MYQW ERH HMWO�WPMGIW
<latexit sha1_base64="y2PIFASdfrN7W4kuNrzdTEwGr3c="></latexit>

Surprisingly hard to construct (help!)



OPS LEAD TO  
SPARSE DISCRETISATIONS OF PDES

Δu + v(x, y)u = f
[Snowball & SO 2019]



CIRCLES
AND
ARCS



� ;LEX EFSYX MRRIV TVSHYGXW SR GYVZIW#
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<latexit sha1_base64="XIrAHfbT/g1vuDGWmkE0EooKytw="></latexit>



CIRCLES



POLYNOMIALS ON A CIRCLE
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Ĝě
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Ĝě
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xy

y2 = 1� x2

Ĝě
x3

x2y

xy2 = x� x3

y3 = y � yx2

Ĝě
...<latexit sha1_base64="3qtq/Kzh0pVzgJE+dc+PObDZTH0="></latexit><latexit sha1_base64="3qtq/Kzh0pVzgJE+dc+PObDZTH0="></latexit><latexit sha1_base64="3qtq/Kzh0pVzgJE+dc+PObDZTH0="></latexit><latexit sha1_base64="3qtq/Kzh0pVzgJE+dc+PObDZTH0="></latexit>
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Ĝě
x

y

Ĝě
x2

xy

y2 = 1� x2

Ĝě
x3

x2y

xy2 = x� x3

y3 = y � yx2

Ĝě
...<latexit sha1_base64="3qtq/Kzh0pVzgJE+dc+PObDZTH0="></latexit><latexit sha1_base64="3qtq/Kzh0pVzgJE+dc+PObDZTH0="></latexit><latexit sha1_base64="3qtq/Kzh0pVzgJE+dc+PObDZTH0="></latexit><latexit sha1_base64="3qtq/Kzh0pVzgJE+dc+PObDZTH0="></latexit>

POLYNOMIALS ON A CIRCLE
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Ĝě
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y2 = 1� x2

Ĝě
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xy2 = x� x3

y3 = y � yx2

Ĝě
...<latexit sha1_base64="3qtq/Kzh0pVzgJE+dc+PObDZTH0="></latexit><latexit sha1_base64="3qtq/Kzh0pVzgJE+dc+PObDZTH0="></latexit><latexit sha1_base64="3qtq/Kzh0pVzgJE+dc+PObDZTH0="></latexit><latexit sha1_base64="3qtq/Kzh0pVzgJE+dc+PObDZTH0="></latexit>

POLYNOMIALS ON A CIRCLE



1

Ĝě
x

y

Ĝě
x2

xy

y2 = 1� x2

Ĝě
x3

x2y

xy2 = x� x3

y3 = y � yx2

Ĝě
...<latexit sha1_base64="3qtq/Kzh0pVzgJE+dc+PObDZTH0="></latexit><latexit sha1_base64="3qtq/Kzh0pVzgJE+dc+PObDZTH0="></latexit><latexit sha1_base64="3qtq/Kzh0pVzgJE+dc+PObDZTH0="></latexit><latexit sha1_base64="3qtq/Kzh0pVzgJE+dc+PObDZTH0="></latexit>

POLYNOMIALS ON A CIRCLE

Dimension 2



OPS ON THE CIRCLE (UNIFORM WEIGHT)
1

Ĝě
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y

Ĝě
2x2 � 1

2xy

Ĝě
4x3 � 3x

4x2y � y

Ĝě
8x4 � 8x2 + 1

8x3y � 4xy

Ĝě
...

<latexit sha1_base64="r7+j+YEFaoFCG0DXhg7cBsE3xAI="></latexit><latexit sha1_base64="r7+j+YEFaoFCG0DXhg7cBsE3xAI="></latexit><latexit sha1_base64="r7+j+YEFaoFCG0DXhg7cBsE3xAI="></latexit><latexit sha1_base64="uB3+wpbOzFWHGVLn4OBspxdViCs=">AAABbHicZY/NSsNAFEZv6l+NVePaTbQIxUWYceNWcOOygmkLbSiTyW0ZMpkJmYlQQl/ArU/ns7hxjFmo/WDg8A33cm5aSmEsIR9eb2//4PCof+yfDPzTs/NgMDG6rjjGXEtdzVJmUAqFsRVW4qyskBWpxGmaP37/T1+xMkKrF7spMSnYWomV4My6arwMhiQibcJdoB0MocsywEWmeV2gslwyY+aUlDZpWGUFl7j1F7XBkvGcrXHuULECTdK0mtvwxjVZuNKVe8qGbft7oslxo7R1a5wW/S+xC5O7iJKIPhPowyVcwwgo3MMDPMEYYuCQwRu8w6d35Y1+9Hted8cF/Il3+wW/NF+N</latexit><latexit sha1_base64="pDJ9vGTd4q5aAVWq0bnMLHsqcro="></latexit><latexit sha1_base64="pDJ9vGTd4q5aAVWq0bnMLHsqcro="></latexit><latexit sha1_base64="7i+hWdNhpeOCv7OJmekU2V4bbfw="></latexit><latexit sha1_base64="r7+j+YEFaoFCG0DXhg7cBsE3xAI="></latexit><latexit sha1_base64="r7+j+YEFaoFCG0DXhg7cBsE3xAI="></latexit><latexit sha1_base64="r7+j+YEFaoFCG0DXhg7cBsE3xAI="></latexit><latexit sha1_base64="r7+j+YEFaoFCG0DXhg7cBsE3xAI="></latexit><latexit sha1_base64="r7+j+YEFaoFCG0DXhg7cBsE3xAI="></latexit><latexit sha1_base64="r7+j+YEFaoFCG0DXhg7cBsE3xAI="></latexit>



OPS ON THE CIRCLE (UNIFORM WEIGHT)
1

Ĝě
x

y

Ĝě
2x2 � 1

2xy

Ĝě
4x3 � 3x

4x2y � y

Ĝě
8x4 � 8x2 + 1

8x3y � 4xy

Ĝě
...

<latexit sha1_base64="r7+j+YEFaoFCG0DXhg7cBsE3xAI="></latexit><latexit sha1_base64="r7+j+YEFaoFCG0DXhg7cBsE3xAI="></latexit><latexit sha1_base64="r7+j+YEFaoFCG0DXhg7cBsE3xAI="></latexit><latexit sha1_base64="uB3+wpbOzFWHGVLn4OBspxdViCs=">AAABbHicZY/NSsNAFEZv6l+NVePaTbQIxUWYceNWcOOygmkLbSiTyW0ZMpkJmYlQQl/ArU/ns7hxjFmo/WDg8A33cm5aSmEsIR9eb2//4PCof+yfDPzTs/NgMDG6rjjGXEtdzVJmUAqFsRVW4qyskBWpxGmaP37/T1+xMkKrF7spMSnYWomV4My6arwMhiQibcJdoB0MocsywEWmeV2gslwyY+aUlDZpWGUFl7j1F7XBkvGcrXHuULECTdK0mtvwxjVZuNKVe8qGbft7oslxo7R1a5wW/S+xC5O7iJKIPhPowyVcwwgo3MMDPMEYYuCQwRu8w6d35Y1+9Hted8cF/Il3+wW/NF+N</latexit><latexit sha1_base64="pDJ9vGTd4q5aAVWq0bnMLHsqcro="></latexit><latexit sha1_base64="pDJ9vGTd4q5aAVWq0bnMLHsqcro="></latexit><latexit sha1_base64="7i+hWdNhpeOCv7OJmekU2V4bbfw="></latexit><latexit sha1_base64="r7+j+YEFaoFCG0DXhg7cBsE3xAI="></latexit><latexit sha1_base64="r7+j+YEFaoFCG0DXhg7cBsE3xAI="></latexit><latexit sha1_base64="r7+j+YEFaoFCG0DXhg7cBsE3xAI="></latexit><latexit sha1_base64="r7+j+YEFaoFCG0DXhg7cBsE3xAI="></latexit><latexit sha1_base64="r7+j+YEFaoFCG0DXhg7cBsE3xAI="></latexit><latexit sha1_base64="r7+j+YEFaoFCG0DXhg7cBsE3xAI="></latexit>

T0(x)

Ĝě
T1(x)

yU0(x)

Ĝě
T2(x)

yU1(x)

Ĝě
T3(x)

yU2(x)

Ĝě
T4(x)

yU3(x)

Ĝě
...<latexit sha1_base64="ETkCsNNI45PgDT3H/Gp9bQD3M2A="></latexit><latexit sha1_base64="ETkCsNNI45PgDT3H/Gp9bQD3M2A="></latexit><latexit sha1_base64="ETkCsNNI45PgDT3H/Gp9bQD3M2A="></latexit><latexit sha1_base64="ETkCsNNI45PgDT3H/Gp9bQD3M2A="></latexit>

⌘<latexit sha1_base64="R+W4yuBrWRagXGylwUT3xG8daP4=">AAABgHicZY7NSsNAFIXvxL9a/6Iu3QSL0FXNiCC4KrpxWcGmhSaUyfS2jJ3MpJlJoYS+g1t9M9/GGLNQe+DC4dx7Ll+cSmGs738SZ2t7Z3evsd88ODw6PnFPzwKj84xjn2ups2HMDEqhsG+FlThMM2RJLHEQzx+/94MlZkZo9WJXKUYJmykxFZzZMgpCXORiOXZbfsev5G0aWpsW1OqNXQwnmucJKsslM2ZE/dRGBcus4BLXzTA3mDI+ZzMclVaxBE1UVLRr76pMJt5UZ+Uo61Xp70Yxx5XStnxTctH/FJsmuOlQv0Ofb1vdh5qwARdwCW2gcAddeIIe9IHDK7zBO3wQh7TJNaE/pw6pO+fwR+T+C7RWYyU=</latexit><latexit sha1_base64="R+W4yuBrWRagXGylwUT3xG8daP4=">AAABgHicZY7NSsNAFIXvxL9a/6Iu3QSL0FXNiCC4KrpxWcGmhSaUyfS2jJ3MpJlJoYS+g1t9M9/GGLNQe+DC4dx7Ll+cSmGs738SZ2t7Z3evsd88ODw6PnFPzwKj84xjn2ups2HMDEqhsG+FlThMM2RJLHEQzx+/94MlZkZo9WJXKUYJmykxFZzZMgpCXORiOXZbfsev5G0aWpsW1OqNXQwnmucJKsslM2ZE/dRGBcus4BLXzTA3mDI+ZzMclVaxBE1UVLRr76pMJt5UZ+Uo61Xp70Yxx5XStnxTctH/FJsmuOlQv0Ofb1vdh5qwARdwCW2gcAddeIIe9IHDK7zBO3wQh7TJNaE/pw6pO+fwR+T+C7RWYyU=</latexit><latexit sha1_base64="R+W4yuBrWRagXGylwUT3xG8daP4=">AAABgHicZY7NSsNAFIXvxL9a/6Iu3QSL0FXNiCC4KrpxWcGmhSaUyfS2jJ3MpJlJoYS+g1t9M9/GGLNQe+DC4dx7Ll+cSmGs738SZ2t7Z3evsd88ODw6PnFPzwKj84xjn2ups2HMDEqhsG+FlThMM2RJLHEQzx+/94MlZkZo9WJXKUYJmykxFZzZMgpCXORiOXZbfsev5G0aWpsW1OqNXQwnmucJKsslM2ZE/dRGBcus4BLXzTA3mDI+ZzMclVaxBE1UVLRr76pMJt5UZ+Uo61Xp70Yxx5XStnxTctH/FJsmuOlQv0Ofb1vdh5qwARdwCW2gcAddeIIe9IHDK7zBO3wQh7TJNaE/pw6pO+fwR+T+C7RWYyU=</latexit><latexit sha1_base64="R+W4yuBrWRagXGylwUT3xG8daP4=">AAABgHicZY7NSsNAFIXvxL9a/6Iu3QSL0FXNiCC4KrpxWcGmhSaUyfS2jJ3MpJlJoYS+g1t9M9/GGLNQe+DC4dx7Ll+cSmGs738SZ2t7Z3evsd88ODw6PnFPzwKj84xjn2ups2HMDEqhsG+FlThMM2RJLHEQzx+/94MlZkZo9WJXKUYJmykxFZzZMgpCXORiOXZbfsev5G0aWpsW1OqNXQwnmucJKsslM2ZE/dRGBcus4BLXzTA3mDI+ZzMclVaxBE1UVLRr76pMJt5UZ+Uo61Xp70Yxx5XStnxTctH/FJsmuOlQv0Ofb1vdh5qwARdwCW2gcAddeIIe9IHDK7zBO3wQh7TJNaE/pw6pO+fwR+T+C7RWYyU=</latexit>



OPS ON THE CIRCLE (UNIFORM WEIGHT)
1

Ĝě
x

y

Ĝě
2x2 � 1

2xy

Ĝě
4x3 � 3x

4x2y � y

Ĝě
8x4 � 8x2 + 1

8x3y � 4xy

Ĝě
...

<latexit sha1_base64="r7+j+YEFaoFCG0DXhg7cBsE3xAI="></latexit><latexit sha1_base64="r7+j+YEFaoFCG0DXhg7cBsE3xAI="></latexit><latexit sha1_base64="r7+j+YEFaoFCG0DXhg7cBsE3xAI="></latexit><latexit sha1_base64="uB3+wpbOzFWHGVLn4OBspxdViCs=">AAABbHicZY/NSsNAFEZv6l+NVePaTbQIxUWYceNWcOOygmkLbSiTyW0ZMpkJmYlQQl/ArU/ns7hxjFmo/WDg8A33cm5aSmEsIR9eb2//4PCof+yfDPzTs/NgMDG6rjjGXEtdzVJmUAqFsRVW4qyskBWpxGmaP37/T1+xMkKrF7spMSnYWomV4My6arwMhiQibcJdoB0MocsywEWmeV2gslwyY+aUlDZpWGUFl7j1F7XBkvGcrXHuULECTdK0mtvwxjVZuNKVe8qGbft7oslxo7R1a5wW/S+xC5O7iJKIPhPowyVcwwgo3MMDPMEYYuCQwRu8w6d35Y1+9Hted8cF/Il3+wW/NF+N</latexit><latexit sha1_base64="pDJ9vGTd4q5aAVWq0bnMLHsqcro="></latexit><latexit sha1_base64="pDJ9vGTd4q5aAVWq0bnMLHsqcro="></latexit><latexit sha1_base64="7i+hWdNhpeOCv7OJmekU2V4bbfw="></latexit><latexit sha1_base64="r7+j+YEFaoFCG0DXhg7cBsE3xAI="></latexit><latexit sha1_base64="r7+j+YEFaoFCG0DXhg7cBsE3xAI="></latexit><latexit sha1_base64="r7+j+YEFaoFCG0DXhg7cBsE3xAI="></latexit><latexit sha1_base64="r7+j+YEFaoFCG0DXhg7cBsE3xAI="></latexit><latexit sha1_base64="r7+j+YEFaoFCG0DXhg7cBsE3xAI="></latexit><latexit sha1_base64="r7+j+YEFaoFCG0DXhg7cBsE3xAI="></latexit>

T0(x)

Ĝě
T1(x)

yU0(x)

Ĝě
T2(x)

yU1(x)

Ĝě
T3(x)

yU2(x)

Ĝě
T4(x)

yU3(x)

Ĝě
...<latexit sha1_base64="ETkCsNNI45PgDT3H/Gp9bQD3M2A="></latexit><latexit sha1_base64="ETkCsNNI45PgDT3H/Gp9bQD3M2A="></latexit><latexit sha1_base64="ETkCsNNI45PgDT3H/Gp9bQD3M2A="></latexit><latexit sha1_base64="ETkCsNNI45PgDT3H/Gp9bQD3M2A="></latexit>

⌘<latexit sha1_base64="R+W4yuBrWRagXGylwUT3xG8daP4=">AAABgHicZY7NSsNAFIXvxL9a/6Iu3QSL0FXNiCC4KrpxWcGmhSaUyfS2jJ3MpJlJoYS+g1t9M9/GGLNQe+DC4dx7Ll+cSmGs738SZ2t7Z3evsd88ODw6PnFPzwKj84xjn2ups2HMDEqhsG+FlThMM2RJLHEQzx+/94MlZkZo9WJXKUYJmykxFZzZMgpCXORiOXZbfsev5G0aWpsW1OqNXQwnmucJKsslM2ZE/dRGBcus4BLXzTA3mDI+ZzMclVaxBE1UVLRr76pMJt5UZ+Uo61Xp70Yxx5XStnxTctH/FJsmuOlQv0Ofb1vdh5qwARdwCW2gcAddeIIe9IHDK7zBO3wQh7TJNaE/pw6pO+fwR+T+C7RWYyU=</latexit><latexit sha1_base64="R+W4yuBrWRagXGylwUT3xG8daP4=">AAABgHicZY7NSsNAFIXvxL9a/6Iu3QSL0FXNiCC4KrpxWcGmhSaUyfS2jJ3MpJlJoYS+g1t9M9/GGLNQe+DC4dx7Ll+cSmGs738SZ2t7Z3evsd88ODw6PnFPzwKj84xjn2ups2HMDEqhsG+FlThMM2RJLHEQzx+/94MlZkZo9WJXKUYJmykxFZzZMgpCXORiOXZbfsev5G0aWpsW1OqNXQwnmucJKsslM2ZE/dRGBcus4BLXzTA3mDI+ZzMclVaxBE1UVLRr76pMJt5UZ+Uo61Xp70Yxx5XStnxTctH/FJsmuOlQv0Ofb1vdh5qwARdwCW2gcAddeIIe9IHDK7zBO3wQh7TJNaE/pw6pO+fwR+T+C7RWYyU=</latexit><latexit sha1_base64="R+W4yuBrWRagXGylwUT3xG8daP4=">AAABgHicZY7NSsNAFIXvxL9a/6Iu3QSL0FXNiCC4KrpxWcGmhSaUyfS2jJ3MpJlJoYS+g1t9M9/GGLNQe+DC4dx7Ll+cSmGs738SZ2t7Z3evsd88ODw6PnFPzwKj84xjn2ups2HMDEqhsG+FlThMM2RJLHEQzx+/94MlZkZo9WJXKUYJmykxFZzZMgpCXORiOXZbfsev5G0aWpsW1OqNXQwnmucJKsslM2ZE/dRGBcus4BLXzTA3mDI+ZzMclVaxBE1UVLRr76pMJt5UZ+Uo61Xp70Yxx5XStnxTctH/FJsmuOlQv0Ofb1vdh5qwARdwCW2gcAddeIIe9IHDK7zBO3wQh7TJNaE/pw6pO+fwR+T+C7RWYyU=</latexit><latexit sha1_base64="R+W4yuBrWRagXGylwUT3xG8daP4=">AAABgHicZY7NSsNAFIXvxL9a/6Iu3QSL0FXNiCC4KrpxWcGmhSaUyfS2jJ3MpJlJoYS+g1t9M9/GGLNQe+DC4dx7Ll+cSmGs738SZ2t7Z3evsd88ODw6PnFPzwKj84xjn2ups2HMDEqhsG+FlThMM2RJLHEQzx+/94MlZkZo9WJXKUYJmykxFZzZMgpCXORiOXZbfsev5G0aWpsW1OqNXQwnmucJKsslM2ZE/dRGBcus4BLXzTA3mDI+ZzMclVaxBE1UVLRr76pMJt5UZ+Uo61Xp70Yxx5XStnxTctH/FJsmuOlQv0Ofb1vdh5qwARdwCW2gcAddeIIe9IHDK7zBO3wQh7TJNaE/pw6pO+fwR+T+C7RWYyU=</latexit>

1

Ĝě
+Qb ✓
bBM ✓

Ĝě
+Qb 2✓
bBM 2✓

Ĝě
+Qb 3✓
bBM 3✓

Ĝě
+Qb 4✓
bBM 4✓

Ĝě
...

<latexit sha1_base64="o94VXw+pCmGX+5pSUcjbIE19kTs="></latexit><latexit sha1_base64="o94VXw+pCmGX+5pSUcjbIE19kTs="></latexit><latexit sha1_base64="o94VXw+pCmGX+5pSUcjbIE19kTs="></latexit><latexit sha1_base64="o94VXw+pCmGX+5pSUcjbIE19kTs="></latexit>

⌘<latexit sha1_base64="R+W4yuBrWRagXGylwUT3xG8daP4=">AAABgHicZY7NSsNAFIXvxL9a/6Iu3QSL0FXNiCC4KrpxWcGmhSaUyfS2jJ3MpJlJoYS+g1t9M9/GGLNQe+DC4dx7Ll+cSmGs738SZ2t7Z3evsd88ODw6PnFPzwKj84xjn2ups2HMDEqhsG+FlThMM2RJLHEQzx+/94MlZkZo9WJXKUYJmykxFZzZMgpCXORiOXZbfsev5G0aWpsW1OqNXQwnmucJKsslM2ZE/dRGBcus4BLXzTA3mDI+ZzMclVaxBE1UVLRr76pMJt5UZ+Uo61Xp70Yxx5XStnxTctH/FJsmuOlQv0Ofb1vdh5qwARdwCW2gcAddeIIe9IHDK7zBO3wQh7TJNaE/pw6pO+fwR+T+C7RWYyU=</latexit><latexit sha1_base64="R+W4yuBrWRagXGylwUT3xG8daP4=">AAABgHicZY7NSsNAFIXvxL9a/6Iu3QSL0FXNiCC4KrpxWcGmhSaUyfS2jJ3MpJlJoYS+g1t9M9/GGLNQe+DC4dx7Ll+cSmGs738SZ2t7Z3evsd88ODw6PnFPzwKj84xjn2ups2HMDEqhsG+FlThMM2RJLHEQzx+/94MlZkZo9WJXKUYJmykxFZzZMgpCXORiOXZbfsev5G0aWpsW1OqNXQwnmucJKsslM2ZE/dRGBcus4BLXzTA3mDI+ZzMclVaxBE1UVLRr76pMJt5UZ+Uo61Xp70Yxx5XStnxTctH/FJsmuOlQv0Ofb1vdh5qwARdwCW2gcAddeIIe9IHDK7zBO3wQh7TJNaE/pw6pO+fwR+T+C7RWYyU=</latexit><latexit sha1_base64="R+W4yuBrWRagXGylwUT3xG8daP4=">AAABgHicZY7NSsNAFIXvxL9a/6Iu3QSL0FXNiCC4KrpxWcGmhSaUyfS2jJ3MpJlJoYS+g1t9M9/GGLNQe+DC4dx7Ll+cSmGs738SZ2t7Z3evsd88ODw6PnFPzwKj84xjn2ups2HMDEqhsG+FlThMM2RJLHEQzx+/94MlZkZo9WJXKUYJmykxFZzZMgpCXORiOXZbfsev5G0aWpsW1OqNXQwnmucJKsslM2ZE/dRGBcus4BLXzTA3mDI+ZzMclVaxBE1UVLRr76pMJt5UZ+Uo61Xp70Yxx5XStnxTctH/FJsmuOlQv0Ofb1vdh5qwARdwCW2gcAddeIIe9IHDK7zBO3wQh7TJNaE/pw6pO+fwR+T+C7RWYyU=</latexit><latexit sha1_base64="R+W4yuBrWRagXGylwUT3xG8daP4=">AAABgHicZY7NSsNAFIXvxL9a/6Iu3QSL0FXNiCC4KrpxWcGmhSaUyfS2jJ3MpJlJoYS+g1t9M9/GGLNQe+DC4dx7Ll+cSmGs738SZ2t7Z3evsd88ODw6PnFPzwKj84xjn2ups2HMDEqhsG+FlThMM2RJLHEQzx+/94MlZkZo9WJXKUYJmykxFZzZMgpCXORiOXZbfsev5G0aWpsW1OqNXQwnmucJKsslM2ZE/dRGBcus4BLXzTA3mDI+ZzMclVaxBE1UVLRr76pMJt5UZ+Uo61Xp70Yxx5XStnxTctH/FJsmuOlQv0Ofb1vdh5qwARdwCW2gcAddeIIe9IHDK7zBO3wQh7TJNaE/pw6pO+fwR+T+C7RWYyU=</latexit>



OPS ON THE CIRCLE

� 2SX XS FI GSRJYWIH [MXL 34W SR XLI 9RMX 'MVGPI �349'
 E PE 7MQSR� [LMGL EVI
TSP]RSQMEPW MR z = x+ By

Ĝ 349' GSRGIVRW WTIGXVEP XLISV] SJ SVXLSKSREP STIVEXSVW� [LIVI LIVI [I
LEZI GSQQYXMRK W]QQIXVMG STIVEXSVW

<latexit sha1_base64="ohRl8QvMQl8QGsVUsJpdzA/aV8k="></latexit><latexit sha1_base64="ohRl8QvMQl8QGsVUsJpdzA/aV8k="></latexit><latexit sha1_base64="ohRl8QvMQl8QGsVUsJpdzA/aV8k="></latexit><latexit sha1_base64="ohRl8QvMQl8QGsVUsJpdzA/aV8k="></latexit>



� 'SRWMHIV [IMKLXW [MXL XLI W]QQIXV] w(x, y) = w(x,�y)

� ;I GER [VMXI XLI MRRIV TVSHYGX EW

hf, gi =
Z 1

�1

h
f(x,

p
1� x2)g(x,

p
1� x2) + f(x,

p
1� x2)g(x,�

p
1� x2)

i
w(x) /x

� (I½RI X[S [IMKLXW SR [�1, 1]�

wp(t) =
w(t)p
1� t2

wq(t) =
p

1� t2w(t)

ERH HIRSXI XLI GSVVIWTSRHMRK 34W EW pn(t) ERH qn(t)

� % WMQTPI GEPGYPEXMSR WLS[W XLEX 34W SR XLI GMVGPI EVI

P0(x, y) = p0(x) ERH Pn(x, y) =

✓
pn(x)

yqn�1(x)

◆

<latexit sha1_base64="mizm08TkPBJyFic/mdJ2BgvQnTE="></latexit><latexit sha1_base64="mizm08TkPBJyFic/mdJ2BgvQnTE="></latexit><latexit sha1_base64="mizm08TkPBJyFic/mdJ2BgvQnTE="></latexit><latexit sha1_base64="mizm08TkPBJyFic/mdJ2BgvQnTE="></latexit>



INTERPOLATION BY  
ARC POLYNOMIALS 
VIA QUADRATURE



OPS ON THE ARC

[Huybrechs 2010]

� %R MQTSVXERX WTIGMEP GEWI MW YRMJSVQ [IMKLX SR ER EVG x > h

w(x, y) = w(x,�y) = w(x) =

(
1 x > h

0 SXLIV[MWI

Ĝ 4SP]RSQMEPW EVI MRZEVMERX YRHIV VSXEXMSRW WS ER] EVG GER FI VSXEXIH XS XLMW
GERSRMGEP GEWI

� ;I XLIR KIX

P0(x, y) = 1 ERH Pn(x, y) =

(
Th
n (x)

yUh
n�1(x)

[LIVI Th
k (x) EVI SVXLSKSREP [MXL VIWTIGX 1/

p
1� x2 SR [h, 1] ERH Uh

k (x) SV�
XLSKSREP [MXL VIWTIGX XS

p
1� x2 SR [h, 1]

� ;I GER GEPGYPEXI XLIWI YWMRK 7XMIPXNIW TVSGIHYVI � 0ERG^SW
<latexit sha1_base64="+Alomt80zaITQD8uiS+0d3D6SlQ="></latexit><latexit sha1_base64="+Alomt80zaITQD8uiS+0d3D6SlQ="></latexit><latexit sha1_base64="+Alomt80zaITQD8uiS+0d3D6SlQ="></latexit><latexit sha1_base64="+Alomt80zaITQD8uiS+0d3D6SlQ="></latexit>



� -R �(� I\EGXRIWW SJ +EYWWMER UYEHVEXYVI QIERW 34W EVI SVXLSKSREP [MXL VIWTIGX
XS E HMWGVIXI MRRIV TVSHYGX

Ĝ 3VXLSKSREPMX] [�V�X� E HMWGVIXI MRRIV TVSHYGX MW WYJ½GMIRX XSMRXIVTSPEXI F]
UYEHVEXYVI

� 0IX x1, . . . , xM � w1, . . . , wM FI XLI +EYWWMER UYEHVEXYVI VYPI EWWSGMEXIH [MXL
1/

p
1� x2 SR [0, h]

Ĝ 6IGEPP MXW I\EGX JSV TSP]RSQMEPW SJ HIKVII 2M � 1

� (I½RI XLI 2M �TSMRX HMWGVIXI MRRIV TVSHYGX

hf, giM =
MX

j=1

wj [f(xj , yj) + f(xj ,�yj)]

[LIVI yj =
q

1� x2
j

� 8LI 2M TSP]RSQMEPW Th
0 (x), . . . , T

h
M�1(x), yU

h
0 (x), . . . , yU

h
M�1(x) EVI SVXLSK�

SREP [�V�X� XLMW HMWGVIXI MRRIV TVSHYGX
<latexit sha1_base64="f6a626eEP6QhBRdmQVcQXD/TSvo="></latexit><latexit sha1_base64="f6a626eEP6QhBRdmQVcQXD/TSvo="></latexit><latexit sha1_base64="f6a626eEP6QhBRdmQVcQXD/TSvo="></latexit><latexit sha1_base64="f6a626eEP6QhBRdmQVcQXD/TSvo="></latexit>



� 8LI JEGX XLEX SVXLSKSREPMX] MW TVIWIVZIH MW WYJ½GMIRX XS WLS[ XLEX XLI MRXIVTSPEXMRK
TSP]RSQMEP MW

fM (x, y) =
⌦
Th
0 , f

↵
M

Th
0 (x)

+
M�1X

n=1

[
⌦
Th
n , f

↵
M

Th
n (x) +

⌦
yUh

n�1, f
↵
M

yUh
n�1(x)]

+

⌦
yUh

M�1, f
↵
M⌦

yUh
M�1, yU

h
M�1

↵
M

yUh
n�1(x)

� ;VMXMRK x = +Qb ✓ ERH y = bBM ✓� XLMW WLS[W XLEX [I GER MRXIVTSPEXI F] XVMKSRS�
QIXVMG TSP]RSQMEPW SR EVGW

Ĝ 8LIVI MW E GSRRIGXMSR [MXL XLI *SYVMIV I\XIRWMSR TVSFPIQ
<latexit sha1_base64="cT8LPEzJcGP00KZBglqQD3HhtRk="></latexit><latexit sha1_base64="cT8LPEzJcGP00KZBglqQD3HhtRk="></latexit><latexit sha1_base64="cT8LPEzJcGP00KZBglqQD3HhtRk="></latexit><latexit sha1_base64="cT8LPEzJcGP00KZBglqQD3HhtRk="></latexit>
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Chebyshev

4 points

sin 10✓
<latexit sha1_base64="5rYt80mSTVk9jyNaAYETH6zv7RU=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjBfkATy2a7aZduNmF3opTQ/+HFgyJe/S/e/Ddu2xy09cHA470ZZuaFqRQGXffbWVldW9/YLG2Vt3d29/YrB4ctk2Sa8SZLZKI7ITVcCsWbKFDyTqo5jUPJ2+HoZuq3H7k2IlH3OE55ENOBEpFgFK304BuhiOf6OORISa9SdWvuDGSZeAWpQoFGr/Ll9xOWxVwhk9SYruemGORUo2CST8p+ZnhK2YgOeNdSRWNugnx29YScWqVPokTbUkhm6u+JnMbGjOPQdsYUh2bRm4r/ed0Mo6sgFyrNkCs2XxRlkmBCphGQvtCcoRxbQpkW9lbChlRThjaosg3BW3x5mbTOa55b8+4uqvXrIo4SHMMJnIEHl1CHW2hAExhoeIZXeHOenBfn3fmYt644xcwR/IHz+QNYz5G/</latexit><latexit sha1_base64="5rYt80mSTVk9jyNaAYETH6zv7RU=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjBfkATy2a7aZduNmF3opTQ/+HFgyJe/S/e/Ddu2xy09cHA470ZZuaFqRQGXffbWVldW9/YLG2Vt3d29/YrB4ctk2Sa8SZLZKI7ITVcCsWbKFDyTqo5jUPJ2+HoZuq3H7k2IlH3OE55ENOBEpFgFK304BuhiOf6OORISa9SdWvuDGSZeAWpQoFGr/Ll9xOWxVwhk9SYruemGORUo2CST8p+ZnhK2YgOeNdSRWNugnx29YScWqVPokTbUkhm6u+JnMbGjOPQdsYUh2bRm4r/ed0Mo6sgFyrNkCs2XxRlkmBCphGQvtCcoRxbQpkW9lbChlRThjaosg3BW3x5mbTOa55b8+4uqvXrIo4SHMMJnIEHl1CHW2hAExhoeIZXeHOenBfn3fmYt644xcwR/IHz+QNYz5G/</latexit><latexit sha1_base64="5rYt80mSTVk9jyNaAYETH6zv7RU=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjBfkATy2a7aZduNmF3opTQ/+HFgyJe/S/e/Ddu2xy09cHA470ZZuaFqRQGXffbWVldW9/YLG2Vt3d29/YrB4ctk2Sa8SZLZKI7ITVcCsWbKFDyTqo5jUPJ2+HoZuq3H7k2IlH3OE55ENOBEpFgFK304BuhiOf6OORISa9SdWvuDGSZeAWpQoFGr/Ll9xOWxVwhk9SYruemGORUo2CST8p+ZnhK2YgOeNdSRWNugnx29YScWqVPokTbUkhm6u+JnMbGjOPQdsYUh2bRm4r/ed0Mo6sgFyrNkCs2XxRlkmBCphGQvtCcoRxbQpkW9lbChlRThjaosg3BW3x5mbTOa55b8+4uqvXrIo4SHMMJnIEHl1CHW2hAExhoeIZXeHOenBfn3fmYt644xcwR/IHz+QNYz5G/</latexit><latexit sha1_base64="5rYt80mSTVk9jyNaAYETH6zv7RU=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjBfkATy2a7aZduNmF3opTQ/+HFgyJe/S/e/Ddu2xy09cHA470ZZuaFqRQGXffbWVldW9/YLG2Vt3d29/YrB4ctk2Sa8SZLZKI7ITVcCsWbKFDyTqo5jUPJ2+HoZuq3H7k2IlH3OE55ENOBEpFgFK304BuhiOf6OORISa9SdWvuDGSZeAWpQoFGr/Ll9xOWxVwhk9SYruemGORUo2CST8p+ZnhK2YgOeNdSRWNugnx29YScWqVPokTbUkhm6u+JnMbGjOPQdsYUh2bRm4r/ed0Mo6sgFyrNkCs2XxRlkmBCphGQvtCcoRxbQpkW9lbChlRThjaosg3BW3x5mbTOa55b8+4uqvXrIo4SHMMJnIEHl1CHW2hAExhoeIZXeHOenBfn3fmYt644xcwR/IHz+QNYz5G/</latexit>
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Chebyshev

10 points

sin 10✓
<latexit sha1_base64="5rYt80mSTVk9jyNaAYETH6zv7RU=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjBfkATy2a7aZduNmF3opTQ/+HFgyJe/S/e/Ddu2xy09cHA470ZZuaFqRQGXffbWVldW9/YLG2Vt3d29/YrB4ctk2Sa8SZLZKI7ITVcCsWbKFDyTqo5jUPJ2+HoZuq3H7k2IlH3OE55ENOBEpFgFK304BuhiOf6OORISa9SdWvuDGSZeAWpQoFGr/Ll9xOWxVwhk9SYruemGORUo2CST8p+ZnhK2YgOeNdSRWNugnx29YScWqVPokTbUkhm6u+JnMbGjOPQdsYUh2bRm4r/ed0Mo6sgFyrNkCs2XxRlkmBCphGQvtCcoRxbQpkW9lbChlRThjaosg3BW3x5mbTOa55b8+4uqvXrIo4SHMMJnIEHl1CHW2hAExhoeIZXeHOenBfn3fmYt644xcwR/IHz+QNYz5G/</latexit><latexit sha1_base64="5rYt80mSTVk9jyNaAYETH6zv7RU=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjBfkATy2a7aZduNmF3opTQ/+HFgyJe/S/e/Ddu2xy09cHA470ZZuaFqRQGXffbWVldW9/YLG2Vt3d29/YrB4ctk2Sa8SZLZKI7ITVcCsWbKFDyTqo5jUPJ2+HoZuq3H7k2IlH3OE55ENOBEpFgFK304BuhiOf6OORISa9SdWvuDGSZeAWpQoFGr/Ll9xOWxVwhk9SYruemGORUo2CST8p+ZnhK2YgOeNdSRWNugnx29YScWqVPokTbUkhm6u+JnMbGjOPQdsYUh2bRm4r/ed0Mo6sgFyrNkCs2XxRlkmBCphGQvtCcoRxbQpkW9lbChlRThjaosg3BW3x5mbTOa55b8+4uqvXrIo4SHMMJnIEHl1CHW2hAExhoeIZXeHOenBfn3fmYt644xcwR/IHz+QNYz5G/</latexit><latexit sha1_base64="5rYt80mSTVk9jyNaAYETH6zv7RU=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjBfkATy2a7aZduNmF3opTQ/+HFgyJe/S/e/Ddu2xy09cHA470ZZuaFqRQGXffbWVldW9/YLG2Vt3d29/YrB4ctk2Sa8SZLZKI7ITVcCsWbKFDyTqo5jUPJ2+HoZuq3H7k2IlH3OE55ENOBEpFgFK304BuhiOf6OORISa9SdWvuDGSZeAWpQoFGr/Ll9xOWxVwhk9SYruemGORUo2CST8p+ZnhK2YgOeNdSRWNugnx29YScWqVPokTbUkhm6u+JnMbGjOPQdsYUh2bRm4r/ed0Mo6sgFyrNkCs2XxRlkmBCphGQvtCcoRxbQpkW9lbChlRThjaosg3BW3x5mbTOa55b8+4uqvXrIo4SHMMJnIEHl1CHW2hAExhoeIZXeHOenBfn3fmYt644xcwR/IHz+QNYz5G/</latexit><latexit sha1_base64="5rYt80mSTVk9jyNaAYETH6zv7RU=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjBfkATy2a7aZduNmF3opTQ/+HFgyJe/S/e/Ddu2xy09cHA470ZZuaFqRQGXffbWVldW9/YLG2Vt3d29/YrB4ctk2Sa8SZLZKI7ITVcCsWbKFDyTqo5jUPJ2+HoZuq3H7k2IlH3OE55ENOBEpFgFK304BuhiOf6OORISa9SdWvuDGSZeAWpQoFGr/Ll9xOWxVwhk9SYruemGORUo2CST8p+ZnhK2YgOeNdSRWNugnx29YScWqVPokTbUkhm6u+JnMbGjOPQdsYUh2bRm4r/ed0Mo6sgFyrNkCs2XxRlkmBCphGQvtCcoRxbQpkW9lbChlRThjaosg3BW3x5mbTOa55b8+4uqvXrIo4SHMMJnIEHl1CHW2hAExhoeIZXeHOenBfn3fmYt644xcwR/IHz+QNYz5G/</latexit>
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Chebyshev

20 points, left is exact

sin 10✓
<latexit sha1_base64="5rYt80mSTVk9jyNaAYETH6zv7RU=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjBfkATy2a7aZduNmF3opTQ/+HFgyJe/S/e/Ddu2xy09cHA470ZZuaFqRQGXffbWVldW9/YLG2Vt3d29/YrB4ctk2Sa8SZLZKI7ITVcCsWbKFDyTqo5jUPJ2+HoZuq3H7k2IlH3OE55ENOBEpFgFK304BuhiOf6OORISa9SdWvuDGSZeAWpQoFGr/Ll9xOWxVwhk9SYruemGORUo2CST8p+ZnhK2YgOeNdSRWNugnx29YScWqVPokTbUkhm6u+JnMbGjOPQdsYUh2bRm4r/ed0Mo6sgFyrNkCs2XxRlkmBCphGQvtCcoRxbQpkW9lbChlRThjaosg3BW3x5mbTOa55b8+4uqvXrIo4SHMMJnIEHl1CHW2hAExhoeIZXeHOenBfn3fmYt644xcwR/IHz+QNYz5G/</latexit><latexit sha1_base64="5rYt80mSTVk9jyNaAYETH6zv7RU=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjBfkATy2a7aZduNmF3opTQ/+HFgyJe/S/e/Ddu2xy09cHA470ZZuaFqRQGXffbWVldW9/YLG2Vt3d29/YrB4ctk2Sa8SZLZKI7ITVcCsWbKFDyTqo5jUPJ2+HoZuq3H7k2IlH3OE55ENOBEpFgFK304BuhiOf6OORISa9SdWvuDGSZeAWpQoFGr/Ll9xOWxVwhk9SYruemGORUo2CST8p+ZnhK2YgOeNdSRWNugnx29YScWqVPokTbUkhm6u+JnMbGjOPQdsYUh2bRm4r/ed0Mo6sgFyrNkCs2XxRlkmBCphGQvtCcoRxbQpkW9lbChlRThjaosg3BW3x5mbTOa55b8+4uqvXrIo4SHMMJnIEHl1CHW2hAExhoeIZXeHOenBfn3fmYt644xcwR/IHz+QNYz5G/</latexit><latexit sha1_base64="5rYt80mSTVk9jyNaAYETH6zv7RU=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjBfkATy2a7aZduNmF3opTQ/+HFgyJe/S/e/Ddu2xy09cHA470ZZuaFqRQGXffbWVldW9/YLG2Vt3d29/YrB4ctk2Sa8SZLZKI7ITVcCsWbKFDyTqo5jUPJ2+HoZuq3H7k2IlH3OE55ENOBEpFgFK304BuhiOf6OORISa9SdWvuDGSZeAWpQoFGr/Ll9xOWxVwhk9SYruemGORUo2CST8p+ZnhK2YgOeNdSRWNugnx29YScWqVPokTbUkhm6u+JnMbGjOPQdsYUh2bRm4r/ed0Mo6sgFyrNkCs2XxRlkmBCphGQvtCcoRxbQpkW9lbChlRThjaosg3BW3x5mbTOa55b8+4uqvXrIo4SHMMJnIEHl1CHW2hAExhoeIZXeHOenBfn3fmYt644xcwR/IHz+QNYz5G/</latexit><latexit sha1_base64="5rYt80mSTVk9jyNaAYETH6zv7RU=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjBfkATy2a7aZduNmF3opTQ/+HFgyJe/S/e/Ddu2xy09cHA470ZZuaFqRQGXffbWVldW9/YLG2Vt3d29/YrB4ctk2Sa8SZLZKI7ITVcCsWbKFDyTqo5jUPJ2+HoZuq3H7k2IlH3OE55ENOBEpFgFK304BuhiOf6OORISa9SdWvuDGSZeAWpQoFGr/Ll9xOWxVwhk9SYruemGORUo2CST8p+ZnhK2YgOeNdSRWNugnx29YScWqVPokTbUkhm6u+JnMbGjOPQdsYUh2bRm4r/ed0Mo6sgFyrNkCs2XxRlkmBCphGQvtCcoRxbQpkW9lbChlRThjaosg3BW3x5mbTOa55b8+4uqvXrIo4SHMMJnIEHl1CHW2hAExhoeIZXeHOenBfn3fmYt644xcwR/IHz+QNYz5G/</latexit>
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40 points, left is still exact, right is accurate to machine accuracy

sin 10✓
<latexit sha1_base64="5rYt80mSTVk9jyNaAYETH6zv7RU=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjBfkATy2a7aZduNmF3opTQ/+HFgyJe/S/e/Ddu2xy09cHA470ZZuaFqRQGXffbWVldW9/YLG2Vt3d29/YrB4ctk2Sa8SZLZKI7ITVcCsWbKFDyTqo5jUPJ2+HoZuq3H7k2IlH3OE55ENOBEpFgFK304BuhiOf6OORISa9SdWvuDGSZeAWpQoFGr/Ll9xOWxVwhk9SYruemGORUo2CST8p+ZnhK2YgOeNdSRWNugnx29YScWqVPokTbUkhm6u+JnMbGjOPQdsYUh2bRm4r/ed0Mo6sgFyrNkCs2XxRlkmBCphGQvtCcoRxbQpkW9lbChlRThjaosg3BW3x5mbTOa55b8+4uqvXrIo4SHMMJnIEHl1CHW2hAExhoeIZXeHOenBfn3fmYt644xcwR/IHz+QNYz5G/</latexit><latexit sha1_base64="5rYt80mSTVk9jyNaAYETH6zv7RU=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjBfkATy2a7aZduNmF3opTQ/+HFgyJe/S/e/Ddu2xy09cHA470ZZuaFqRQGXffbWVldW9/YLG2Vt3d29/YrB4ctk2Sa8SZLZKI7ITVcCsWbKFDyTqo5jUPJ2+HoZuq3H7k2IlH3OE55ENOBEpFgFK304BuhiOf6OORISa9SdWvuDGSZeAWpQoFGr/Ll9xOWxVwhk9SYruemGORUo2CST8p+ZnhK2YgOeNdSRWNugnx29YScWqVPokTbUkhm6u+JnMbGjOPQdsYUh2bRm4r/ed0Mo6sgFyrNkCs2XxRlkmBCphGQvtCcoRxbQpkW9lbChlRThjaosg3BW3x5mbTOa55b8+4uqvXrIo4SHMMJnIEHl1CHW2hAExhoeIZXeHOenBfn3fmYt644xcwR/IHz+QNYz5G/</latexit><latexit sha1_base64="5rYt80mSTVk9jyNaAYETH6zv7RU=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjBfkATy2a7aZduNmF3opTQ/+HFgyJe/S/e/Ddu2xy09cHA470ZZuaFqRQGXffbWVldW9/YLG2Vt3d29/YrB4ctk2Sa8SZLZKI7ITVcCsWbKFDyTqo5jUPJ2+HoZuq3H7k2IlH3OE55ENOBEpFgFK304BuhiOf6OORISa9SdWvuDGSZeAWpQoFGr/Ll9xOWxVwhk9SYruemGORUo2CST8p+ZnhK2YgOeNdSRWNugnx29YScWqVPokTbUkhm6u+JnMbGjOPQdsYUh2bRm4r/ed0Mo6sgFyrNkCs2XxRlkmBCphGQvtCcoRxbQpkW9lbChlRThjaosg3BW3x5mbTOa55b8+4uqvXrIo4SHMMJnIEHl1CHW2hAExhoeIZXeHOenBfn3fmYt644xcwR/IHz+QNYz5G/</latexit><latexit sha1_base64="5rYt80mSTVk9jyNaAYETH6zv7RU=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjBfkATy2a7aZduNmF3opTQ/+HFgyJe/S/e/Ddu2xy09cHA470ZZuaFqRQGXffbWVldW9/YLG2Vt3d29/YrB4ctk2Sa8SZLZKI7ITVcCsWbKFDyTqo5jUPJ2+HoZuq3H7k2IlH3OE55ENOBEpFgFK304BuhiOf6OORISa9SdWvuDGSZeAWpQoFGr/Ll9xOWxVwhk9SYruemGORUo2CST8p+ZnhK2YgOeNdSRWNugnx29YScWqVPokTbUkhm6u+JnMbGjOPQdsYUh2bRm4r/ed0Mo6sgFyrNkCs2XxRlkmBCphGQvtCcoRxbQpkW9lbChlRThjaosg3BW3x5mbTOa55b8+4uqvXrIo4SHMMJnIEHl1CHW2hAExhoeIZXeHOenBfn3fmYt644xcwR/IHz+QNYz5G/</latexit>



COEFFICIENT DECAY

0 10 20 30 40

10- 15 

10- 10 

10- 5 

100 

Chebyshev
Arc OPs

sin 10✓
<latexit sha1_base64="5rYt80mSTVk9jyNaAYETH6zv7RU=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjBfkATy2a7aZduNmF3opTQ/+HFgyJe/S/e/Ddu2xy09cHA470ZZuaFqRQGXffbWVldW9/YLG2Vt3d29/YrB4ctk2Sa8SZLZKI7ITVcCsWbKFDyTqo5jUPJ2+HoZuq3H7k2IlH3OE55ENOBEpFgFK304BuhiOf6OORISa9SdWvuDGSZeAWpQoFGr/Ll9xOWxVwhk9SYruemGORUo2CST8p+ZnhK2YgOeNdSRWNugnx29YScWqVPokTbUkhm6u+JnMbGjOPQdsYUh2bRm4r/ed0Mo6sgFyrNkCs2XxRlkmBCphGQvtCcoRxbQpkW9lbChlRThjaosg3BW3x5mbTOa55b8+4uqvXrIo4SHMMJnIEHl1CHW2hAExhoeIZXeHOenBfn3fmYt644xcwR/IHz+QNYz5G/</latexit><latexit sha1_base64="5rYt80mSTVk9jyNaAYETH6zv7RU=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjBfkATy2a7aZduNmF3opTQ/+HFgyJe/S/e/Ddu2xy09cHA470ZZuaFqRQGXffbWVldW9/YLG2Vt3d29/YrB4ctk2Sa8SZLZKI7ITVcCsWbKFDyTqo5jUPJ2+HoZuq3H7k2IlH3OE55ENOBEpFgFK304BuhiOf6OORISa9SdWvuDGSZeAWpQoFGr/Ll9xOWxVwhk9SYruemGORUo2CST8p+ZnhK2YgOeNdSRWNugnx29YScWqVPokTbUkhm6u+JnMbGjOPQdsYUh2bRm4r/ed0Mo6sgFyrNkCs2XxRlkmBCphGQvtCcoRxbQpkW9lbChlRThjaosg3BW3x5mbTOa55b8+4uqvXrIo4SHMMJnIEHl1CHW2hAExhoeIZXeHOenBfn3fmYt644xcwR/IHz+QNYz5G/</latexit><latexit sha1_base64="5rYt80mSTVk9jyNaAYETH6zv7RU=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjBfkATy2a7aZduNmF3opTQ/+HFgyJe/S/e/Ddu2xy09cHA470ZZuaFqRQGXffbWVldW9/YLG2Vt3d29/YrB4ctk2Sa8SZLZKI7ITVcCsWbKFDyTqo5jUPJ2+HoZuq3H7k2IlH3OE55ENOBEpFgFK304BuhiOf6OORISa9SdWvuDGSZeAWpQoFGr/Ll9xOWxVwhk9SYruemGORUo2CST8p+ZnhK2YgOeNdSRWNugnx29YScWqVPokTbUkhm6u+JnMbGjOPQdsYUh2bRm4r/ed0Mo6sgFyrNkCs2XxRlkmBCphGQvtCcoRxbQpkW9lbChlRThjaosg3BW3x5mbTOa55b8+4uqvXrIo4SHMMJnIEHl1CHW2hAExhoeIZXeHOenBfn3fmYt644xcwR/IHz+QNYz5G/</latexit><latexit sha1_base64="5rYt80mSTVk9jyNaAYETH6zv7RU=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjBfkATy2a7aZduNmF3opTQ/+HFgyJe/S/e/Ddu2xy09cHA470ZZuaFqRQGXffbWVldW9/YLG2Vt3d29/YrB4ctk2Sa8SZLZKI7ITVcCsWbKFDyTqo5jUPJ2+HoZuq3H7k2IlH3OE55ENOBEpFgFK304BuhiOf6OORISa9SdWvuDGSZeAWpQoFGr/Ll9xOWxVwhk9SYruemGORUo2CST8p+ZnhK2YgOeNdSRWNugnx29YScWqVPokTbUkhm6u+JnMbGjOPQdsYUh2bRm4r/ed0Mo6sgFyrNkCs2XxRlkmBCphGQvtCcoRxbQpkW9lbChlRThjaosg3BW3x5mbTOa55b8+4uqvXrIo4SHMMJnIEHl1CHW2hAExhoeIZXeHOenBfn3fmYt644xcwR/IHz+QNYz5G/</latexit>
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Right example from [Adcock & Huybrechs 2010]

✓
1 +

✓2

⇡2

◆
cos

10✓

⇡
cos 100✓

<latexit sha1_base64="OMPPTQMfZSlZkcDPyKaeTBjnEZo="></latexit><latexit sha1_base64="OMPPTQMfZSlZkcDPyKaeTBjnEZo="></latexit><latexit sha1_base64="OMPPTQMfZSlZkcDPyKaeTBjnEZo="></latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="6iOU/jH9EvYRTb0d1NDu5QvHLqg="></latexit><latexit sha1_base64="6iOU/jH9EvYRTb0d1NDu5QvHLqg="></latexit><latexit sha1_base64="61qCuTwbnV57wyZAeOlfTJTbmKQ="></latexit><latexit sha1_base64="OMPPTQMfZSlZkcDPyKaeTBjnEZo="></latexit><latexit sha1_base64="OMPPTQMfZSlZkcDPyKaeTBjnEZo="></latexit><latexit sha1_base64="OMPPTQMfZSlZkcDPyKaeTBjnEZo="></latexit><latexit sha1_base64="OMPPTQMfZSlZkcDPyKaeTBjnEZo="></latexit><latexit sha1_base64="OMPPTQMfZSlZkcDPyKaeTBjnEZo="></latexit><latexit sha1_base64="OMPPTQMfZSlZkcDPyKaeTBjnEZo="></latexit>



SQUARES



SPHERES 
AND

POLAR CAPS (?)



� ;LEX EFSYX LMKLIV HMQIRWMSREP EPKIFVEMG WYVJEGIW# 0IX�W GSRWMHIV XLI WTLIVI

x
2 + y

2 + z
2 = 1

� 8LI GMVGPI KEZI YW *SYVMIV� XLI WTLIVI KMZIW YW WTLIVMGEP LEVQSRMGW

� 7TLIVMGEP LEVQSRMGW LEZI XLI TVSFPIQ SJ XSS QYGL WXVYGXYVI

Ĝ -VVIHYGMFPI VITVIWIRXEXMSRW SJ SO(3) �'PIFWGL¯+SVHER GSIJ½GMIRXW� ��� 

Ĝ (MEKSREPM^I XLI WTLIVMGEP 0ETPEGMER
Ĝ (MEKSREPM^I XLI MRXIKVEP STIVEXSV 1/kx� yk
Ĝ 1MPPMSRW SJ TETIVW F] TL]WMGW� VITVIWIRXEXMSR XLISVMWXW� GSQTYXEXMSREP QEXL�

IQEXMGMERW� [IEXLIV QSHIPPIVW���

� -HIE� JSVKIX XLMW EPP ERH XVIEX XLIQ EW SVXLSKSREP TSP]RSQMEPW MR x� y� z

� )\XIRHW XS TSPEV GETW�
<latexit sha1_base64="aPcIUvYYax53NHe14Ov/cTWD/zc="></latexit>



P(−1/2)
n,k (x, y), zP(1/2)

n,k (x, y)

Spherical harmonics  
(not typical basis)

OPs with respect to (1 − x2 − y2)μ on disk



P(−1/2)
n,k (x, y), zP(1/2)

n,k (x, y)

Spherical harmonics  
(not typical basis)

OPs with respect to (1 − x2 − y2)μ on disk

H(−1/2)
n,k (x, y), zH(1/2)

n,k (x, y)

OPs with respect to (1 − x2 − y2)μ on disk slice

Polar cap OPs



� 7LEPPS[ [EXIV IUYEXMSR [MXL GSVMSPMW JSVGI�

mt = �f(x, y, z)M ⇥ m +rh = 0

ht = �Hr · m

Ĝ h(x, y, z) MW I\TERHIH MR WTLIVMGEP LEVQSRMGW� m MR XLI XERKIRX WTEGI� ERH
M = (x, y, z)> MW XLI YRMX RSVQEP

Ĝ H MW XLI VIJIVIRGI LIMKLX ERH f(x, y, z) = 4⇡
T z [LIVI T MW XLI PIRKXL SJ �

HE] MR WIGSRHW
<latexit sha1_base64="g3eVcQN4l+olhieenOrIswIafsI="></latexit><latexit sha1_base64="g3eVcQN4l+olhieenOrIswIafsI="></latexit><latexit sha1_base64="g3eVcQN4l+olhieenOrIswIafsI="></latexit><latexit sha1_base64="g3eVcQN4l+olhieenOrIswIafsI="></latexit>



� 7LEPPS[ [EXIV IUYEXMSR [MXL GSVMSPMW JSVGI�

mt = �f(x, y, z)M ⇥ m +rh = 0

ht = �Hr · m

Ĝ h(x, y, z) MW I\TERHIH MR WTLIVMGEP LEVQSRMGW� m MR XLI XERKIRX WTEGI� ERH
M = (x, y, z)> MW XLI YRMX RSVQEP

Ĝ H MW XLI VIJIVIRGI LIMKLX ERH f(x, y, z) = 4⇡
T z [LIVI T MW XLI PIRKXL SJ �

HE] MR WIGSRHW
<latexit sha1_base64="g3eVcQN4l+olhieenOrIswIafsI="></latexit><latexit sha1_base64="g3eVcQN4l+olhieenOrIswIafsI="></latexit><latexit sha1_base64="g3eVcQN4l+olhieenOrIswIafsI="></latexit><latexit sha1_base64="g3eVcQN4l+olhieenOrIswIafsI="></latexit>



QUADRATIC CURVES



� 8LI GMVGPI MW E FMX FSVMRK� WS PIXW TYWL XLMW MHIE JYVXLIV ERH GSRWMHIV KIRIVEP UYEHVEXMG
GYVZIW� XLEX MW� VSSXW XS TSP]RSQMEPW SJ XLI JSVQ�

Ax2 +Bxy + Cy2 +Dx+ Ey + F = 0

� &] EJ½RI XVERWJSVQEXMSRW� [I GER VIHYGI XLMW XS � GERSRMGEP I\EQTPIW �GMVGPIW�
L]TIVFSPEW� TEVEFSPEW� GVSWWIW� ERH TEVEPPIP PMRIW


� .YWX EW MR XLI GMVGPI� MR IEGL GEWI [I LEZI E GSPPETWI MR HMQIRWMSR� WS XLEX XLI HIKVII
n � 1 TSP]RSQMEPW EVI SJ HMQIRWMSR 2

<latexit sha1_base64="Rvj4MdaRWbA0XJ8/dgY6aB2pGMI="></latexit><latexit sha1_base64="Rvj4MdaRWbA0XJ8/dgY6aB2pGMI="></latexit><latexit sha1_base64="Rvj4MdaRWbA0XJ8/dgY6aB2pGMI="></latexit><latexit sha1_base64="Rvj4MdaRWbA0XJ8/dgY6aB2pGMI="></latexit>



5 CANONICAL CASES

x2 + y2 = 1
<latexit sha1_base64="eMq8jIcTHKQhPL5Qkbv5tdS7Chc=">AAAB9HicbVDLSsNAFL2pr1pfUZduBosgCCUpgm6EohuXFewD2lgm00k7dDKJM5NiCP0ONy4UcevHuPNvnLZZaOuBezmccy9z5/gxZ0o7zrdVWFldW98obpa2tnd29+z9g6aKEklog0Q8km0fK8qZoA3NNKftWFIc+py2/NHN1G+NqVQsEvc6jakX4oFgASNYG8l7eqiiM5SafoXcnl12Ks4MaJm4OSlDjnrP/ur2I5KEVGjCsVId14m1l2GpGeF0UuomisaYjPCAdgwVOKTKy2ZHT9CJUfooiKQpodFM/b2R4VCpNPTNZIj1UC16U/E/r5Po4NLLmIgTTQWZPxQkHOkITRNAfSYp0Tw1BBPJzK2IDLHERJucSiYEd/HLy6RZrbhOxb07L9eu8ziKcATHcAouXEANbqEODSDwCM/wCm/W2Hqx3q2P+WjByncO4Q+szx/M85Am</latexit><latexit sha1_base64="eMq8jIcTHKQhPL5Qkbv5tdS7Chc=">AAAB9HicbVDLSsNAFL2pr1pfUZduBosgCCUpgm6EohuXFewD2lgm00k7dDKJM5NiCP0ONy4UcevHuPNvnLZZaOuBezmccy9z5/gxZ0o7zrdVWFldW98obpa2tnd29+z9g6aKEklog0Q8km0fK8qZoA3NNKftWFIc+py2/NHN1G+NqVQsEvc6jakX4oFgASNYG8l7eqiiM5SafoXcnl12Ks4MaJm4OSlDjnrP/ur2I5KEVGjCsVId14m1l2GpGeF0UuomisaYjPCAdgwVOKTKy2ZHT9CJUfooiKQpodFM/b2R4VCpNPTNZIj1UC16U/E/r5Po4NLLmIgTTQWZPxQkHOkITRNAfSYp0Tw1BBPJzK2IDLHERJucSiYEd/HLy6RZrbhOxb07L9eu8ziKcATHcAouXEANbqEODSDwCM/wCm/W2Hqx3q2P+WjByncO4Q+szx/M85Am</latexit><latexit sha1_base64="eMq8jIcTHKQhPL5Qkbv5tdS7Chc=">AAAB9HicbVDLSsNAFL2pr1pfUZduBosgCCUpgm6EohuXFewD2lgm00k7dDKJM5NiCP0ONy4UcevHuPNvnLZZaOuBezmccy9z5/gxZ0o7zrdVWFldW98obpa2tnd29+z9g6aKEklog0Q8km0fK8qZoA3NNKftWFIc+py2/NHN1G+NqVQsEvc6jakX4oFgASNYG8l7eqiiM5SafoXcnl12Ks4MaJm4OSlDjnrP/ur2I5KEVGjCsVId14m1l2GpGeF0UuomisaYjPCAdgwVOKTKy2ZHT9CJUfooiKQpodFM/b2R4VCpNPTNZIj1UC16U/E/r5Po4NLLmIgTTQWZPxQkHOkITRNAfSYp0Tw1BBPJzK2IDLHERJucSiYEd/HLy6RZrbhOxb07L9eu8ziKcATHcAouXEANbqEODSDwCM/wCm/W2Hqx3q2P+WjByncO4Q+szx/M85Am</latexit><latexit sha1_base64="eMq8jIcTHKQhPL5Qkbv5tdS7Chc=">AAAB9HicbVDLSsNAFL2pr1pfUZduBosgCCUpgm6EohuXFewD2lgm00k7dDKJM5NiCP0ONy4UcevHuPNvnLZZaOuBezmccy9z5/gxZ0o7zrdVWFldW98obpa2tnd29+z9g6aKEklog0Q8km0fK8qZoA3NNKftWFIc+py2/NHN1G+NqVQsEvc6jakX4oFgASNYG8l7eqiiM5SafoXcnl12Ks4MaJm4OSlDjnrP/ur2I5KEVGjCsVId14m1l2GpGeF0UuomisaYjPCAdgwVOKTKy2ZHT9CJUfooiKQpodFM/b2R4VCpNPTNZIj1UC16U/E/r5Po4NLLmIgTTQWZPxQkHOkITRNAfSYp0Tw1BBPJzK2IDLHERJucSiYEd/HLy6RZrbhOxb07L9eu8ziKcATHcAouXEANbqEODSDwCM/wCm/W2Hqx3q2P+WjByncO4Q+szx/M85Am</latexit>

x2 = y2 + 1
<latexit sha1_base64="HzimfksZIZZcg6KCE1lTb5//uYs=">AAAB9HicbVDLSsNAFL2pr1pfUZduBosgCCUpgm6EohuXFewD2lgm00k7dDKJM5NiCP0ONy4UcevHuPNvnLZZaOuBezmccy9z5/gxZ0o7zrdVWFldW98obpa2tnd29+z9g6aKEklog0Q8km0fK8qZoA3NNKftWFIc+py2/NHN1G+NqVQsEvc6jakX4oFgASNYG8l7eqiiK5Safobcnl12Ks4MaJm4OSlDjnrP/ur2I5KEVGjCsVId14m1l2GpGeF0UuomisaYjPCAdgwVOKTKy2ZHT9CJUfooiKQpodFM/b2R4VCpNPTNZIj1UC16U/E/r5Po4NLLmIgTTQWZPxQkHOkITRNAfSYp0Tw1BBPJzK2IDLHERJucSiYEd/HLy6RZrbhOxb07L9eu8ziKcATHcAouXEANbqEODSDwCM/wCm/W2Hqx3q2P+WjByncO4Q+szx/NX5Am</latexit><latexit sha1_base64="HzimfksZIZZcg6KCE1lTb5//uYs=">AAAB9HicbVDLSsNAFL2pr1pfUZduBosgCCUpgm6EohuXFewD2lgm00k7dDKJM5NiCP0ONy4UcevHuPNvnLZZaOuBezmccy9z5/gxZ0o7zrdVWFldW98obpa2tnd29+z9g6aKEklog0Q8km0fK8qZoA3NNKftWFIc+py2/NHN1G+NqVQsEvc6jakX4oFgASNYG8l7eqiiK5Safobcnl12Ks4MaJm4OSlDjnrP/ur2I5KEVGjCsVId14m1l2GpGeF0UuomisaYjPCAdgwVOKTKy2ZHT9CJUfooiKQpodFM/b2R4VCpNPTNZIj1UC16U/E/r5Po4NLLmIgTTQWZPxQkHOkITRNAfSYp0Tw1BBPJzK2IDLHERJucSiYEd/HLy6RZrbhOxb07L9eu8ziKcATHcAouXEANbqEODSDwCM/wCm/W2Hqx3q2P+WjByncO4Q+szx/NX5Am</latexit><latexit sha1_base64="HzimfksZIZZcg6KCE1lTb5//uYs=">AAAB9HicbVDLSsNAFL2pr1pfUZduBosgCCUpgm6EohuXFewD2lgm00k7dDKJM5NiCP0ONy4UcevHuPNvnLZZaOuBezmccy9z5/gxZ0o7zrdVWFldW98obpa2tnd29+z9g6aKEklog0Q8km0fK8qZoA3NNKftWFIc+py2/NHN1G+NqVQsEvc6jakX4oFgASNYG8l7eqiiK5Safobcnl12Ks4MaJm4OSlDjnrP/ur2I5KEVGjCsVId14m1l2GpGeF0UuomisaYjPCAdgwVOKTKy2ZHT9CJUfooiKQpodFM/b2R4VCpNPTNZIj1UC16U/E/r5Po4NLLmIgTTQWZPxQkHOkITRNAfSYp0Tw1BBPJzK2IDLHERJucSiYEd/HLy6RZrbhOxb07L9eu8ziKcATHcAouXEANbqEODSDwCM/wCm/W2Hqx3q2P+WjByncO4Q+szx/NX5Am</latexit><latexit sha1_base64="HzimfksZIZZcg6KCE1lTb5//uYs=">AAAB9HicbVDLSsNAFL2pr1pfUZduBosgCCUpgm6EohuXFewD2lgm00k7dDKJM5NiCP0ONy4UcevHuPNvnLZZaOuBezmccy9z5/gxZ0o7zrdVWFldW98obpa2tnd29+z9g6aKEklog0Q8km0fK8qZoA3NNKftWFIc+py2/NHN1G+NqVQsEvc6jakX4oFgASNYG8l7eqiiK5Safobcnl12Ks4MaJm4OSlDjnrP/ur2I5KEVGjCsVId14m1l2GpGeF0UuomisaYjPCAdgwVOKTKy2ZHT9CJUfooiKQpodFM/b2R4VCpNPTNZIj1UC16U/E/r5Po4NLLmIgTTQWZPxQkHOkITRNAfSYp0Tw1BBPJzK2IDLHERJucSiYEd/HLy6RZrbhOxb07L9eu8ziKcATHcAouXEANbqEODSDwCM/wCm/W2Hqx3q2P+WjByncO4Q+szx/NX5Am</latexit>

y = x2
<latexit sha1_base64="e/riaUEzKfM24lhqByO0Mo6ecuE=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9CIUvXisYD+gjWWznbRLN5uwuxFL6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqZ+6xGV5rG8N+ME/YgOJA85o8ZKrTG5Ik8P1V6p7FbcGcgy8XJShhz1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns3Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrz0My6T1KBk80VhKoiJyfR30ucKmRFjSyhT3N5K2JAqyoxNqGhD8BZfXibNasVzK97debl2ncdRgGM4gTPw4AJqcAt1aACDETzDK7w5ifPivDsf89YVJ585gj9wPn8AGRuOvg==</latexit><latexit sha1_base64="e/riaUEzKfM24lhqByO0Mo6ecuE=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9CIUvXisYD+gjWWznbRLN5uwuxFL6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqZ+6xGV5rG8N+ME/YgOJA85o8ZKrTG5Ik8P1V6p7FbcGcgy8XJShhz1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns3Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrz0My6T1KBk80VhKoiJyfR30ucKmRFjSyhT3N5K2JAqyoxNqGhD8BZfXibNasVzK97debl2ncdRgGM4gTPw4AJqcAt1aACDETzDK7w5ifPivDsf89YVJ585gj9wPn8AGRuOvg==</latexit><latexit sha1_base64="e/riaUEzKfM24lhqByO0Mo6ecuE=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9CIUvXisYD+gjWWznbRLN5uwuxFL6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqZ+6xGV5rG8N+ME/YgOJA85o8ZKrTG5Ik8P1V6p7FbcGcgy8XJShhz1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns3Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrz0My6T1KBk80VhKoiJyfR30ucKmRFjSyhT3N5K2JAqyoxNqGhD8BZfXibNasVzK97debl2ncdRgGM4gTPw4AJqcAt1aACDETzDK7w5ifPivDsf89YVJ585gj9wPn8AGRuOvg==</latexit><latexit sha1_base64="e/riaUEzKfM24lhqByO0Mo6ecuE=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9CIUvXisYD+gjWWznbRLN5uwuxFL6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqZ+6xGV5rG8N+ME/YgOJA85o8ZKrTG5Ik8P1V6p7FbcGcgy8XJShhz1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns3Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrz0My6T1KBk80VhKoiJyfR30ucKmRFjSyhT3N5K2JAqyoxNqGhD8BZfXibNasVzK97debl2ncdRgGM4gTPw4AJqcAt1aACDETzDK7w5ifPivDsf89YVJ585gj9wPn8AGRuOvg==</latexit>

x2 = y2
<latexit sha1_base64="uVzzBZjNOSO+iNtxKol8CUTgqsc=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSJ4KrtF0ItQ9OKxgv2QdluyabYNTbJLkhWXpb/CiwdFvPpzvPlvTNs9aOuDgcd7M8zMC2LOtHHdb2dldW19Y7OwVdze2d3bLx0cNnWUKEIbJOKRagdYU84kbRhmOG3HimIRcNoKxjdTv/VIlWaRvDdpTH2Bh5KFjGBjpYenXhVdobRX7ZfKbsWdAS0TLydlyFHvl766g4gkgkpDONa647mx8TOsDCOcTordRNMYkzEe0o6lEguq/Wx28ASdWmWAwkjZkgbN1N8TGRZapyKwnQKbkV70puJ/Xicx4aWfMRknhkoyXxQmHJkITb9HA6YoMTy1BBPF7K2IjLDCxNiMijYEb/HlZdKsVjy34t2dl2vXeRwFOIYTOAMPLqAGt1CHBhAQ8Ayv8OYo58V5dz7mrStOPnMEf+B8/gBB9o9i</latexit><latexit sha1_base64="uVzzBZjNOSO+iNtxKol8CUTgqsc=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSJ4KrtF0ItQ9OKxgv2QdluyabYNTbJLkhWXpb/CiwdFvPpzvPlvTNs9aOuDgcd7M8zMC2LOtHHdb2dldW19Y7OwVdze2d3bLx0cNnWUKEIbJOKRagdYU84kbRhmOG3HimIRcNoKxjdTv/VIlWaRvDdpTH2Bh5KFjGBjpYenXhVdobRX7ZfKbsWdAS0TLydlyFHvl766g4gkgkpDONa647mx8TOsDCOcTordRNMYkzEe0o6lEguq/Wx28ASdWmWAwkjZkgbN1N8TGRZapyKwnQKbkV70puJ/Xicx4aWfMRknhkoyXxQmHJkITb9HA6YoMTy1BBPF7K2IjLDCxNiMijYEb/HlZdKsVjy34t2dl2vXeRwFOIYTOAMPLqAGt1CHBhAQ8Ayv8OYo58V5dz7mrStOPnMEf+B8/gBB9o9i</latexit><latexit sha1_base64="uVzzBZjNOSO+iNtxKol8CUTgqsc=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSJ4KrtF0ItQ9OKxgv2QdluyabYNTbJLkhWXpb/CiwdFvPpzvPlvTNs9aOuDgcd7M8zMC2LOtHHdb2dldW19Y7OwVdze2d3bLx0cNnWUKEIbJOKRagdYU84kbRhmOG3HimIRcNoKxjdTv/VIlWaRvDdpTH2Bh5KFjGBjpYenXhVdobRX7ZfKbsWdAS0TLydlyFHvl766g4gkgkpDONa647mx8TOsDCOcTordRNMYkzEe0o6lEguq/Wx28ASdWmWAwkjZkgbN1N8TGRZapyKwnQKbkV70puJ/Xicx4aWfMRknhkoyXxQmHJkITb9HA6YoMTy1BBPF7K2IjLDCxNiMijYEb/HlZdKsVjy34t2dl2vXeRwFOIYTOAMPLqAGt1CHBhAQ8Ayv8OYo58V5dz7mrStOPnMEf+B8/gBB9o9i</latexit><latexit sha1_base64="uVzzBZjNOSO+iNtxKol8CUTgqsc=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSJ4KrtF0ItQ9OKxgv2QdluyabYNTbJLkhWXpb/CiwdFvPpzvPlvTNs9aOuDgcd7M8zMC2LOtHHdb2dldW19Y7OwVdze2d3bLx0cNnWUKEIbJOKRagdYU84kbRhmOG3HimIRcNoKxjdTv/VIlWaRvDdpTH2Bh5KFjGBjpYenXhVdobRX7ZfKbsWdAS0TLydlyFHvl766g4gkgkpDONa647mx8TOsDCOcTordRNMYkzEe0o6lEguq/Wx28ASdWmWAwkjZkgbN1N8TGRZapyKwnQKbkV70puJ/Xicx4aWfMRknhkoyXxQmHJkITb9HA6YoMTy1BBPF7K2IjLDCxNiMijYEb/HlZdKsVjy34t2dl2vXeRwFOIYTOAMPLqAGt1CHBhAQ8Ayv8OYo58V5dz7mrStOPnMEf+B8/gBB9o9i</latexit>

y2 = 1
<latexit sha1_base64="5qNSU4Py2+Lb4m/fjK9NOczoogk=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoBeh6MVjBfsBbSyb7aZdutmE3YkQSn+EFw+KePX3ePPfuG1z0NYHA4/3ZpiZFyRSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYdwJquBSKN1Gg5J1EcxoFkreD8e3Mbz9xbUSsHjBLuB/RoRKhYBSt1M4ea+SaeP1yxa26c5BV4uWkAjka/fJXbxCzNOIKmaTGdD03QX9CNQom+bTUSw1PKBvTIe9aqmjEjT+ZnzslZ1YZkDDWthSSufp7YkIjY7IosJ0RxZFZ9mbif143xfDKnwiVpMgVWywKU0kwJrPfyUBozlBmllCmhb2VsBHVlKFNqGRD8JZfXiWtWtVzq979RaV+k8dRhBM4hXPw4BLqcAcNaAKDMTzDK7w5ifPivDsfi9aCk88cwx84nz+txo53</latexit><latexit sha1_base64="5qNSU4Py2+Lb4m/fjK9NOczoogk=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoBeh6MVjBfsBbSyb7aZdutmE3YkQSn+EFw+KePX3ePPfuG1z0NYHA4/3ZpiZFyRSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYdwJquBSKN1Gg5J1EcxoFkreD8e3Mbz9xbUSsHjBLuB/RoRKhYBSt1M4ea+SaeP1yxa26c5BV4uWkAjka/fJXbxCzNOIKmaTGdD03QX9CNQom+bTUSw1PKBvTIe9aqmjEjT+ZnzslZ1YZkDDWthSSufp7YkIjY7IosJ0RxZFZ9mbif143xfDKnwiVpMgVWywKU0kwJrPfyUBozlBmllCmhb2VsBHVlKFNqGRD8JZfXiWtWtVzq979RaV+k8dRhBM4hXPw4BLqcAcNaAKDMTzDK7w5ifPivDsfi9aCk88cwx84nz+txo53</latexit><latexit sha1_base64="5qNSU4Py2+Lb4m/fjK9NOczoogk=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoBeh6MVjBfsBbSyb7aZdutmE3YkQSn+EFw+KePX3ePPfuG1z0NYHA4/3ZpiZFyRSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYdwJquBSKN1Gg5J1EcxoFkreD8e3Mbz9xbUSsHjBLuB/RoRKhYBSt1M4ea+SaeP1yxa26c5BV4uWkAjka/fJXbxCzNOIKmaTGdD03QX9CNQom+bTUSw1PKBvTIe9aqmjEjT+ZnzslZ1YZkDDWthSSufp7YkIjY7IosJ0RxZFZ9mbif143xfDKnwiVpMgVWywKU0kwJrPfyUBozlBmllCmhb2VsBHVlKFNqGRD8JZfXiWtWtVzq979RaV+k8dRhBM4hXPw4BLqcAcNaAKDMTzDK7w5ifPivDsfi9aCk88cwx84nz+txo53</latexit><latexit sha1_base64="5qNSU4Py2+Lb4m/fjK9NOczoogk=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoBeh6MVjBfsBbSyb7aZdutmE3YkQSn+EFw+KePX3ePPfuG1z0NYHA4/3ZpiZFyRSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYdwJquBSKN1Gg5J1EcxoFkreD8e3Mbz9xbUSsHjBLuB/RoRKhYBSt1M4ea+SaeP1yxa26c5BV4uWkAjka/fJXbxCzNOIKmaTGdD03QX9CNQom+bTUSw1PKBvTIe9aqmjEjT+ZnzslZ1YZkDDWthSSufp7YkIjY7IosJ0RxZFZ9mbif143xfDKnwiVpMgVWywKU0kwJrPfyUBozlBmllCmhb2VsBHVlKFNqGRD8JZfXiWtWtVzq979RaV+k8dRhBM4hXPw4BLqcAcNaAKDMTzDK7w5ifPivDsfi9aCk88cwx84nz+txo53</latexit>



� *SV IEGL SJ XLIWI � GEWIW� [I GER SR E GEWI�F]�GEWI FEWMW VIHYGI XLI TVSFPIQ XS
X[S JEQMPMIW SJ �( 34W� JSV [IMKLXW [MXL WYMXEFPI W]QQIXVMG TVSTIVXMIW

Ĝ %RH MR IEGL SJ XLI � GEWIW� [I GER GSRWXVYGX ER MRXIVTSPEXMZI UYEHVEXYVI VYPI

� ;I GSRWMHIV SRP] X[S GEWIW� ,]TIVFSPE SR SRI SV X[S FVERGLIW
<latexit sha1_base64="ErxdgDiaBZ6ZqKd3NIgkIezk6ZU="></latexit><latexit sha1_base64="ErxdgDiaBZ6ZqKd3NIgkIezk6ZU="></latexit><latexit sha1_base64="ErxdgDiaBZ6ZqKd3NIgkIezk6ZU="></latexit><latexit sha1_base64="ErxdgDiaBZ6ZqKd3NIgkIezk6ZU="></latexit>

w(x, y) = w(�x, y) = w(y)
<latexit sha1_base64="cJ9R/Z1rbU4LmIaDmM822RLCxoM=">AAACAHicbZDLSsNAFIZP6q3WW9SFCzeDRWhBSyKCboSiG5cV7AXaUCbTSTt0cmFmYg2hG1/FjQtF3PoY7nwbp20Qrf4w8PGfczhzfjfiTCrL+jRyC4tLyyv51cLa+sbmlrm905BhLAitk5CHouViSTkLaF0xxWkrEhT7LqdNd3g1qTfvqJAsDG5VElHHx/2AeYxgpa2uuTcq3R8lZXSBRqXjb0rKXbNoVayp0F+wMyhCplrX/Oj0QhL7NFCEYynbthUpJ8VCMcLpuNCJJY0wGeI+bWsMsE+lk04PGKND7fSQFwr9AoWm7s+JFPtSJr6rO32sBnK+NjH/q7Vj5Z07KQuiWNGAzBZ5MUcqRJM0UI8JShRPNGAimP4rIgMsMFE6s4IOwZ4/+S80Tiq2VbFvTovVyyyOPOzDAZTAhjOowjXUoA4ExvAIz/BiPBhPxqvxNmvNGdnMLvyS8f4FgUeTww==</latexit><latexit sha1_base64="cJ9R/Z1rbU4LmIaDmM822RLCxoM=">AAACAHicbZDLSsNAFIZP6q3WW9SFCzeDRWhBSyKCboSiG5cV7AXaUCbTSTt0cmFmYg2hG1/FjQtF3PoY7nwbp20Qrf4w8PGfczhzfjfiTCrL+jRyC4tLyyv51cLa+sbmlrm905BhLAitk5CHouViSTkLaF0xxWkrEhT7LqdNd3g1qTfvqJAsDG5VElHHx/2AeYxgpa2uuTcq3R8lZXSBRqXjb0rKXbNoVayp0F+wMyhCplrX/Oj0QhL7NFCEYynbthUpJ8VCMcLpuNCJJY0wGeI+bWsMsE+lk04PGKND7fSQFwr9AoWm7s+JFPtSJr6rO32sBnK+NjH/q7Vj5Z07KQuiWNGAzBZ5MUcqRJM0UI8JShRPNGAimP4rIgMsMFE6s4IOwZ4/+S80Tiq2VbFvTovVyyyOPOzDAZTAhjOowjXUoA4ExvAIz/BiPBhPxqvxNmvNGdnMLvyS8f4FgUeTww==</latexit><latexit sha1_base64="cJ9R/Z1rbU4LmIaDmM822RLCxoM=">AAACAHicbZDLSsNAFIZP6q3WW9SFCzeDRWhBSyKCboSiG5cV7AXaUCbTSTt0cmFmYg2hG1/FjQtF3PoY7nwbp20Qrf4w8PGfczhzfjfiTCrL+jRyC4tLyyv51cLa+sbmlrm905BhLAitk5CHouViSTkLaF0xxWkrEhT7LqdNd3g1qTfvqJAsDG5VElHHx/2AeYxgpa2uuTcq3R8lZXSBRqXjb0rKXbNoVayp0F+wMyhCplrX/Oj0QhL7NFCEYynbthUpJ8VCMcLpuNCJJY0wGeI+bWsMsE+lk04PGKND7fSQFwr9AoWm7s+JFPtSJr6rO32sBnK+NjH/q7Vj5Z07KQuiWNGAzBZ5MUcqRJM0UI8JShRPNGAimP4rIgMsMFE6s4IOwZ4/+S80Tiq2VbFvTovVyyyOPOzDAZTAhjOowjXUoA4ExvAIz/BiPBhPxqvxNmvNGdnMLvyS8f4FgUeTww==</latexit><latexit sha1_base64="cJ9R/Z1rbU4LmIaDmM822RLCxoM=">AAACAHicbZDLSsNAFIZP6q3WW9SFCzeDRWhBSyKCboSiG5cV7AXaUCbTSTt0cmFmYg2hG1/FjQtF3PoY7nwbp20Qrf4w8PGfczhzfjfiTCrL+jRyC4tLyyv51cLa+sbmlrm905BhLAitk5CHouViSTkLaF0xxWkrEhT7LqdNd3g1qTfvqJAsDG5VElHHx/2AeYxgpa2uuTcq3R8lZXSBRqXjb0rKXbNoVayp0F+wMyhCplrX/Oj0QhL7NFCEYynbthUpJ8VCMcLpuNCJJY0wGeI+bWsMsE+lk04PGKND7fSQFwr9AoWm7s+JFPtSJr6rO32sBnK+NjH/q7Vj5Z07KQuiWNGAzBZ5MUcqRJM0UI8JShRPNGAimP4rIgMsMFE6s4IOwZ4/+S80Tiq2VbFvTovVyyyOPOzDAZTAhjOowjXUoA4ExvAIz/BiPBhPxqvxNmvNGdnMLvyS8f4FgUeTww==</latexit>

w(x, y) = w(x,�y) = w(x)
<latexit sha1_base64="7m6Y7GTupYIs08azyh84+NpR3T0=">AAACAHicbZDLSsNAFIZP6q3WW9SFCzeDRWhBSyKCboSiG5cV7AXaUCbTSTt0cmFmopbQja/ixoUibn0Md76NkzaCtv4w8PGfczhzfjfiTCrL+jJyC4tLyyv51cLa+sbmlrm905BhLAitk5CHouViSTkLaF0xxWkrEhT7LqdNd3iV1pt3VEgWBrdqFFHHx/2AeYxgpa2uuXdfejgaldEFSuH4h8pds2hVrInQPNgZFCFTrWt+dnohiX0aKMKxlG3bipSTYKEY4XRc6MSSRpgMcZ+2NQbYp9JJJgeM0aF2esgLhX6BQhP390SCfSlHvqs7fawGcraWmv/V2rHyzp2EBVGsaECmi7yYIxWiNA3UY4ISxUcaMBFM/xWRARaYKJ1ZQYdgz548D42Tim1V7JvTYvUyiyMP+3AAJbDhDKpwDTWoA4ExPMELvBqPxrPxZrxPW3NGNrMLf2R8fAOADJPC</latexit><latexit sha1_base64="7m6Y7GTupYIs08azyh84+NpR3T0=">AAACAHicbZDLSsNAFIZP6q3WW9SFCzeDRWhBSyKCboSiG5cV7AXaUCbTSTt0cmFmopbQja/ixoUibn0Md76NkzaCtv4w8PGfczhzfjfiTCrL+jJyC4tLyyv51cLa+sbmlrm905BhLAitk5CHouViSTkLaF0xxWkrEhT7LqdNd3iV1pt3VEgWBrdqFFHHx/2AeYxgpa2uuXdfejgaldEFSuH4h8pds2hVrInQPNgZFCFTrWt+dnohiX0aKMKxlG3bipSTYKEY4XRc6MSSRpgMcZ+2NQbYp9JJJgeM0aF2esgLhX6BQhP390SCfSlHvqs7fawGcraWmv/V2rHyzp2EBVGsaECmi7yYIxWiNA3UY4ISxUcaMBFM/xWRARaYKJ1ZQYdgz548D42Tim1V7JvTYvUyiyMP+3AAJbDhDKpwDTWoA4ExPMELvBqPxrPxZrxPW3NGNrMLf2R8fAOADJPC</latexit><latexit sha1_base64="7m6Y7GTupYIs08azyh84+NpR3T0=">AAACAHicbZDLSsNAFIZP6q3WW9SFCzeDRWhBSyKCboSiG5cV7AXaUCbTSTt0cmFmopbQja/ixoUibn0Md76NkzaCtv4w8PGfczhzfjfiTCrL+jJyC4tLyyv51cLa+sbmlrm905BhLAitk5CHouViSTkLaF0xxWkrEhT7LqdNd3iV1pt3VEgWBrdqFFHHx/2AeYxgpa2uuXdfejgaldEFSuH4h8pds2hVrInQPNgZFCFTrWt+dnohiX0aKMKxlG3bipSTYKEY4XRc6MSSRpgMcZ+2NQbYp9JJJgeM0aF2esgLhX6BQhP390SCfSlHvqs7fawGcraWmv/V2rHyzp2EBVGsaECmi7yYIxWiNA3UY4ISxUcaMBFM/xWRARaYKJ1ZQYdgz548D42Tim1V7JvTYvUyiyMP+3AAJbDhDKpwDTWoA4ExPMELvBqPxrPxZrxPW3NGNrMLf2R8fAOADJPC</latexit><latexit sha1_base64="7m6Y7GTupYIs08azyh84+NpR3T0=">AAACAHicbZDLSsNAFIZP6q3WW9SFCzeDRWhBSyKCboSiG5cV7AXaUCbTSTt0cmFmopbQja/ixoUibn0Md76NkzaCtv4w8PGfczhzfjfiTCrL+jJyC4tLyyv51cLa+sbmlrm905BhLAitk5CHouViSTkLaF0xxWkrEhT7LqdNd3iV1pt3VEgWBrdqFFHHx/2AeYxgpa2uuXdfejgaldEFSuH4h8pds2hVrInQPNgZFCFTrWt+dnohiX0aKMKxlG3bipSTYKEY4XRc6MSSRpgMcZ+2NQbYp9JJJgeM0aF2esgLhX6BQhP390SCfSlHvqs7fawGcraWmv/V2rHyzp2EBVGsaECmi7yYIxWiNA3UY4ISxUcaMBFM/xWRARaYKJ1ZQYdgz548D42Tim1V7JvTYvUyiyMP+3AAJbDhDKpwDTWoA4ExPMELvBqPxrPxZrxPW3NGNrMLf2R8fAOADJPC</latexit>

Two branches One branch



OPS ON 
ONE BRANCH HYPERBOLA

(1, 0)
<latexit sha1_base64="sSYKyQqPCO2rN3C9cF58eAHwEEs=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBahgpREBD0WvXisYNpCG8pmO2mXbjZhdyOU0t/gxYMiXv1B3vw3btsctPXBwOO9GWbmhang2rjut1NYW9/Y3Cpul3Z29/YPyodHTZ1kiqHPEpGodkg1Ci7RN9wIbKcKaRwKbIWju5nfekKleSIfzTjFIKYDySPOqLGSX/Uu3PNeueLW3DnIKvFyUoEcjV75q9tPWBajNExQrTuem5pgQpXhTOC01M00ppSN6AA7lkoaow4m82On5MwqfRIlypY0ZK7+npjQWOtxHNrOmJqhXvZm4n9eJzPRTTDhMs0MSrZYFGWCmITMPid9rpAZMbaEMsXtrYQNqaLM2HxKNgRv+eVV0ryseW7Ne7iq1G/zOIpwAqdQBQ+uoQ730AAfGHB4hld4c6Tz4rw7H4vWgpPPHMMfOJ8/FkaNig==</latexit><latexit sha1_base64="sSYKyQqPCO2rN3C9cF58eAHwEEs=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBahgpREBD0WvXisYNpCG8pmO2mXbjZhdyOU0t/gxYMiXv1B3vw3btsctPXBwOO9GWbmhang2rjut1NYW9/Y3Cpul3Z29/YPyodHTZ1kiqHPEpGodkg1Ci7RN9wIbKcKaRwKbIWju5nfekKleSIfzTjFIKYDySPOqLGSX/Uu3PNeueLW3DnIKvFyUoEcjV75q9tPWBajNExQrTuem5pgQpXhTOC01M00ppSN6AA7lkoaow4m82On5MwqfRIlypY0ZK7+npjQWOtxHNrOmJqhXvZm4n9eJzPRTTDhMs0MSrZYFGWCmITMPid9rpAZMbaEMsXtrYQNqaLM2HxKNgRv+eVV0ryseW7Ne7iq1G/zOIpwAqdQBQ+uoQ730AAfGHB4hld4c6Tz4rw7H4vWgpPPHMMfOJ8/FkaNig==</latexit><latexit sha1_base64="sSYKyQqPCO2rN3C9cF58eAHwEEs=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBahgpREBD0WvXisYNpCG8pmO2mXbjZhdyOU0t/gxYMiXv1B3vw3btsctPXBwOO9GWbmhang2rjut1NYW9/Y3Cpul3Z29/YPyodHTZ1kiqHPEpGodkg1Ci7RN9wIbKcKaRwKbIWju5nfekKleSIfzTjFIKYDySPOqLGSX/Uu3PNeueLW3DnIKvFyUoEcjV75q9tPWBajNExQrTuem5pgQpXhTOC01M00ppSN6AA7lkoaow4m82On5MwqfRIlypY0ZK7+npjQWOtxHNrOmJqhXvZm4n9eJzPRTTDhMs0MSrZYFGWCmITMPid9rpAZMbaEMsXtrYQNqaLM2HxKNgRv+eVV0ryseW7Ne7iq1G/zOIpwAqdQBQ+uoQ730AAfGHB4hld4c6Tz4rw7H4vWgpPPHMMfOJ8/FkaNig==</latexit><latexit sha1_base64="sSYKyQqPCO2rN3C9cF58eAHwEEs=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBahgpREBD0WvXisYNpCG8pmO2mXbjZhdyOU0t/gxYMiXv1B3vw3btsctPXBwOO9GWbmhang2rjut1NYW9/Y3Cpul3Z29/YPyodHTZ1kiqHPEpGodkg1Ci7RN9wIbKcKaRwKbIWju5nfekKleSIfzTjFIKYDySPOqLGSX/Uu3PNeueLW3DnIKvFyUoEcjV75q9tPWBajNExQrTuem5pgQpXhTOC01M00ppSN6AA7lkoaow4m82On5MwqfRIlypY0ZK7+npjQWOtxHNrOmJqhXvZm4n9eJzPRTTDhMs0MSrZYFGWCmITMPid9rpAZMbaEMsXtrYQNqaLM2HxKNgRv+eVV0ryseW7Ne7iq1G/zOIpwAqdQBQ+uoQ730AAfGHB4hld4c6Tz4rw7H4vWgpPPHMMfOJ8/FkaNig==</latexit>

x2 = y2 + 1
<latexit sha1_base64="HzimfksZIZZcg6KCE1lTb5//uYs=">AAAB9HicbVDLSsNAFL2pr1pfUZduBosgCCUpgm6EohuXFewD2lgm00k7dDKJM5NiCP0ONy4UcevHuPNvnLZZaOuBezmccy9z5/gxZ0o7zrdVWFldW98obpa2tnd29+z9g6aKEklog0Q8km0fK8qZoA3NNKftWFIc+py2/NHN1G+NqVQsEvc6jakX4oFgASNYG8l7eqiiK5Safobcnl12Ks4MaJm4OSlDjnrP/ur2I5KEVGjCsVId14m1l2GpGeF0UuomisaYjPCAdgwVOKTKy2ZHT9CJUfooiKQpodFM/b2R4VCpNPTNZIj1UC16U/E/r5Po4NLLmIgTTQWZPxQkHOkITRNAfSYp0Tw1BBPJzK2IDLHERJucSiYEd/HLy6RZrbhOxb07L9eu8ziKcATHcAouXEANbqEODSDwCM/wCm/W2Hqx3q2P+WjByncO4Q+szx/NX5Am</latexit><latexit sha1_base64="HzimfksZIZZcg6KCE1lTb5//uYs=">AAAB9HicbVDLSsNAFL2pr1pfUZduBosgCCUpgm6EohuXFewD2lgm00k7dDKJM5NiCP0ONy4UcevHuPNvnLZZaOuBezmccy9z5/gxZ0o7zrdVWFldW98obpa2tnd29+z9g6aKEklog0Q8km0fK8qZoA3NNKftWFIc+py2/NHN1G+NqVQsEvc6jakX4oFgASNYG8l7eqiiK5Safobcnl12Ks4MaJm4OSlDjnrP/ur2I5KEVGjCsVId14m1l2GpGeF0UuomisaYjPCAdgwVOKTKy2ZHT9CJUfooiKQpodFM/b2R4VCpNPTNZIj1UC16U/E/r5Po4NLLmIgTTQWZPxQkHOkITRNAfSYp0Tw1BBPJzK2IDLHERJucSiYEd/HLy6RZrbhOxb07L9eu8ziKcATHcAouXEANbqEODSDwCM/wCm/W2Hqx3q2P+WjByncO4Q+szx/NX5Am</latexit><latexit sha1_base64="HzimfksZIZZcg6KCE1lTb5//uYs=">AAAB9HicbVDLSsNAFL2pr1pfUZduBosgCCUpgm6EohuXFewD2lgm00k7dDKJM5NiCP0ONy4UcevHuPNvnLZZaOuBezmccy9z5/gxZ0o7zrdVWFldW98obpa2tnd29+z9g6aKEklog0Q8km0fK8qZoA3NNKftWFIc+py2/NHN1G+NqVQsEvc6jakX4oFgASNYG8l7eqiiK5Safobcnl12Ks4MaJm4OSlDjnrP/ur2I5KEVGjCsVId14m1l2GpGeF0UuomisaYjPCAdgwVOKTKy2ZHT9CJUfooiKQpodFM/b2R4VCpNPTNZIj1UC16U/E/r5Po4NLLmIgTTQWZPxQkHOkITRNAfSYp0Tw1BBPJzK2IDLHERJucSiYEd/HLy6RZrbhOxb07L9eu8ziKcATHcAouXEANbqEODSDwCM/wCm/W2Hqx3q2P+WjByncO4Q+szx/NX5Am</latexit><latexit sha1_base64="HzimfksZIZZcg6KCE1lTb5//uYs=">AAAB9HicbVDLSsNAFL2pr1pfUZduBosgCCUpgm6EohuXFewD2lgm00k7dDKJM5NiCP0ONy4UcevHuPNvnLZZaOuBezmccy9z5/gxZ0o7zrdVWFldW98obpa2tnd29+z9g6aKEklog0Q8km0fK8qZoA3NNKftWFIc+py2/NHN1G+NqVQsEvc6jakX4oFgASNYG8l7eqiiK5Safobcnl12Ks4MaJm4OSlDjnrP/ur2I5KEVGjCsVId14m1l2GpGeF0UuomisaYjPCAdgwVOKTKy2ZHT9CJUfooiKQpodFM/b2R4VCpNPTNZIj1UC16U/E/r5Po4NLLmIgTTQWZPxQkHOkITRNAfSYp0Tw1BBPJzK2IDLHERJucSiYEd/HLy6RZrbhOxb07L9eu8ziKcATHcAouXEANbqEODSDwCM/wCm/W2Hqx3q2P+WjByncO4Q+szx/NX5Am</latexit>

� 'SRWMHIV [IMKLXW SJ XLI JSVQ

w(x, y) = w(x,�y)

WYTTSVXIH SR �TSWWMFP] E WYFWIX SJ
 x � 1

� ;I GER [VMXI XLI MRRIV TVSHYGX EW
Z

x2=y2+1
f(x, y)g(x, y)w(x, y) /s =

Z 1

1

h
f(x,

p
x2 � 1)g(x,

p
x2 � 1) + f(x,

p
x2 � 1)g(x,�

p
x2 � 1)

i
w0(x) /x

� 0IX pn(t) HIRSXI 34W [MXL VIWTIGX XS w0(t) ERH qn(t) HIRSXI 34W [MXL VIWTIGX
XS w1(t) = (t2 � 1)w(t)

� 34W SR XLI L]TIVFSPE EVI XLIR

P0(x, y) = p0(x) ERH Pn(x, y) =

✓
pn(x)

yqn�1(x)

◆

<latexit sha1_base64="cd/2MsumJqIcezR7pUfKoojAxQg="></latexit><latexit sha1_base64="cd/2MsumJqIcezR7pUfKoojAxQg="></latexit><latexit sha1_base64="cd/2MsumJqIcezR7pUfKoojAxQg="></latexit><latexit sha1_base64="cd/2MsumJqIcezR7pUfKoojAxQg="></latexit>



APPLICATION: 
INTERPOLATION OF 

NEARLY SINGULAR FUNCTIONS



� 'SRWMHIV E JYRGXMSR SR XLI MRXIVZEP [�1, 1] SJ XLI JSVQ

f(t) = f(t,
p

t2 + ✏2)

[LIVI f(x, y) MW WQSSXL MR x ERH y SR XLI L]TIVFSPE x2 = y2 + ✏2

� %W ER I\EQTPI
f(t) = bBM(10t+ 20

p
t2 + ✏2)

FIGSQIW E �RMGI� JYRGXMSR

f(x, y) = bBM(10x+ 20y)

� -HIE� MRXIVTSPEXI f(x, y) F] fM (x, y) YWMRK 34W SR XLI L]TIVFSPE EX XLI TSMRXW
(xj , yj) GSQMRK JVSQ +EYWWMER UYEHVEXYVI JVSQ w0 WS XLEX

fM (t) = fM (t,
p

t2 + ✏2)

MRXIVTSPEXIW EX XLI TSMRXW xj

� .YWX PMOI XLI EVG� XLI MRXIVTSPEXMSR GSIJ½GMIRXW GSQI JVSQ UYEHVEXYVI
<latexit sha1_base64="M8Sdj2/08ZXOacsja4eBwZvuByo="></latexit><latexit sha1_base64="M8Sdj2/08ZXOacsja4eBwZvuByo="></latexit><latexit sha1_base64="M8Sdj2/08ZXOacsja4eBwZvuByo="></latexit><latexit sha1_base64="M8Sdj2/08ZXOacsja4eBwZvuByo="></latexit>
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COLLOCATION COEFFICIENTS

u0 + sin(t+
p
t2 + ✏2)u = 0, u(�1) = 1

<latexit sha1_base64="icxztnqQxmXIsiORDJoQJZ85OI4="></latexit><latexit sha1_base64="icxztnqQxmXIsiORDJoQJZ85OI4="></latexit><latexit sha1_base64="icxztnqQxmXIsiORDJoQJZ85OI4="></latexit><latexit sha1_base64="icxztnqQxmXIsiORDJoQJZ85OI4="></latexit>



COLLOCATION COEFFICIENTS

u0 + sin(t+
p
t2 + ✏2)u = 0, u(�1) = 1

<latexit sha1_base64="icxztnqQxmXIsiORDJoQJZ85OI4="></latexit><latexit sha1_base64="icxztnqQxmXIsiORDJoQJZ85OI4="></latexit><latexit sha1_base64="icxztnqQxmXIsiORDJoQJZ85OI4="></latexit><latexit sha1_base64="icxztnqQxmXIsiORDJoQJZ85OI4="></latexit>

Would require
16k Chebyshev 

coefficients
to even resolve

variable coefficient



OPS ON 
TWO BRANCH HYPERBOLA



x2 = y2 + 1
<latexit sha1_base64="HzimfksZIZZcg6KCE1lTb5//uYs=">AAAB9HicbVDLSsNAFL2pr1pfUZduBosgCCUpgm6EohuXFewD2lgm00k7dDKJM5NiCP0ONy4UcevHuPNvnLZZaOuBezmccy9z5/gxZ0o7zrdVWFldW98obpa2tnd29+z9g6aKEklog0Q8km0fK8qZoA3NNKftWFIc+py2/NHN1G+NqVQsEvc6jakX4oFgASNYG8l7eqiiK5Safobcnl12Ks4MaJm4OSlDjnrP/ur2I5KEVGjCsVId14m1l2GpGeF0UuomisaYjPCAdgwVOKTKy2ZHT9CJUfooiKQpodFM/b2R4VCpNPTNZIj1UC16U/E/r5Po4NLLmIgTTQWZPxQkHOkITRNAfSYp0Tw1BBPJzK2IDLHERJucSiYEd/HLy6RZrbhOxb07L9eu8ziKcATHcAouXEANbqEODSDwCM/wCm/W2Hqx3q2P+WjByncO4Q+szx/NX5Am</latexit><latexit sha1_base64="HzimfksZIZZcg6KCE1lTb5//uYs=">AAAB9HicbVDLSsNAFL2pr1pfUZduBosgCCUpgm6EohuXFewD2lgm00k7dDKJM5NiCP0ONy4UcevHuPNvnLZZaOuBezmccy9z5/gxZ0o7zrdVWFldW98obpa2tnd29+z9g6aKEklog0Q8km0fK8qZoA3NNKftWFIc+py2/NHN1G+NqVQsEvc6jakX4oFgASNYG8l7eqiiK5Safobcnl12Ks4MaJm4OSlDjnrP/ur2I5KEVGjCsVId14m1l2GpGeF0UuomisaYjPCAdgwVOKTKy2ZHT9CJUfooiKQpodFM/b2R4VCpNPTNZIj1UC16U/E/r5Po4NLLmIgTTQWZPxQkHOkITRNAfSYp0Tw1BBPJzK2IDLHERJucSiYEd/HLy6RZrbhOxb07L9eu8ziKcATHcAouXEANbqEODSDwCM/wCm/W2Hqx3q2P+WjByncO4Q+szx/NX5Am</latexit><latexit sha1_base64="HzimfksZIZZcg6KCE1lTb5//uYs=">AAAB9HicbVDLSsNAFL2pr1pfUZduBosgCCUpgm6EohuXFewD2lgm00k7dDKJM5NiCP0ONy4UcevHuPNvnLZZaOuBezmccy9z5/gxZ0o7zrdVWFldW98obpa2tnd29+z9g6aKEklog0Q8km0fK8qZoA3NNKftWFIc+py2/NHN1G+NqVQsEvc6jakX4oFgASNYG8l7eqiiK5Safobcnl12Ks4MaJm4OSlDjnrP/ur2I5KEVGjCsVId14m1l2GpGeF0UuomisaYjPCAdgwVOKTKy2ZHT9CJUfooiKQpodFM/b2R4VCpNPTNZIj1UC16U/E/r5Po4NLLmIgTTQWZPxQkHOkITRNAfSYp0Tw1BBPJzK2IDLHERJucSiYEd/HLy6RZrbhOxb07L9eu8ziKcATHcAouXEANbqEODSDwCM/wCm/W2Hqx3q2P+WjByncO4Q+szx/NX5Am</latexit><latexit sha1_base64="HzimfksZIZZcg6KCE1lTb5//uYs=">AAAB9HicbVDLSsNAFL2pr1pfUZduBosgCCUpgm6EohuXFewD2lgm00k7dDKJM5NiCP0ONy4UcevHuPNvnLZZaOuBezmccy9z5/gxZ0o7zrdVWFldW98obpa2tnd29+z9g6aKEklog0Q8km0fK8qZoA3NNKftWFIc+py2/NHN1G+NqVQsEvc6jakX4oFgASNYG8l7eqiiK5Safobcnl12Ks4MaJm4OSlDjnrP/ur2I5KEVGjCsVId14m1l2GpGeF0UuomisaYjPCAdgwVOKTKy2ZHT9CJUfooiKQpodFM/b2R4VCpNPTNZIj1UC16U/E/r5Po4NLLmIgTTQWZPxQkHOkITRNAfSYp0Tw1BBPJzK2IDLHERJucSiYEd/HLy6RZrbhOxb07L9eu8ziKcATHcAouXEANbqEODSDwCM/wCm/W2Hqx3q2P+WjByncO4Q+szx/NX5Am</latexit>� 'SRWMHIV [IMKLXW SJ XLI JSVQ

w(�x, y) = w(x, y)

� ;I GER [VMXI XLI MRRIV TVSHYGX EW

hf, gi =
Z 1

�1

h
f(
p

y2 + 1, y)g(
p

y2 + 1, y) +

f(�
p

y2 + 1, y)g(�
p
y2 + 1, y)

i
w(y)dy

� 0IX pn(t) HIRSXI 34W [MXL VIWTIGX XS w(t) ERH qn(t) HIRSXI 34W [MXL VIWTIGX
XS w1(t) = (1 + t2)w(t)

� 34W SR XLI L]TIVFSPE EVI XLIR

P0(x, y) = p0(y) ERH Pn(x, y) =

✓
pn(y)

xqn�1(y)

◆

<latexit sha1_base64="O+kiGThL80R4yrNfMJI4d53b+H8="></latexit><latexit sha1_base64="O+kiGThL80R4yrNfMJI4d53b+H8="></latexit><latexit sha1_base64="O+kiGThL80R4yrNfMJI4d53b+H8="></latexit><latexit sha1_base64="O+kiGThL80R4yrNfMJI4d53b+H8="></latexit>



APPLICATION:
INTERPOLATION

OF
FUNCTIONS WITH POLE SINGULARITIES



� 'SRWMHIV
f(t) = bBM(t+ 2/t)

SR XLI VIEP PMRI

� 4VSNIGX f XS XLI X[S�FVERGL L]TIVFSPE x2 = y2 + 1 EW

f(x, y) = f(x� y) = bBM (x� y + 2(x+ y))

Ĝ 2SXI t = x� y XLIR t�1 = x+ y

� ;I YWI +EYWWMER [IMKLX w(t) = 2�t2 [MXL +EYWW¯,IVQMXI TSMRXW� GEPGYPEXIH [MXL
LMKL TVIGMWMSR EVMXLQIXMG �"B;6HQ�i


Ĝ %KEMR� w1(t) = (1 + t2)w(t) MW RSR�GPEWWMGEP WS [I YWI 7XMIPXNIW TVSGIHYVI
[MXL LMKL TVIGMWMSR EVMXLQIXMG
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SQUARES



� 'SRWMHIV WSPZMRK 4()W SR XLI WUYEVI [MXL (MVMGLPIX GSRHMXMSRW� YWMRK E TSP]RSQMEP
FEWMW

� 8LI VIWXVMGXMSR STIVEXSV QETW TSP]RSQMEPW MRWMHI XLI WUYEVI XS TSP]RSQMEPW SR XLI
FSYRHEV] SJ E WUYEVI

� 8LMW MW EPWS ER ��XL SVHIV
 EPKIFVEMG GYVZI�

(1� x2)(1� y2) = 0

;LEX HSIW XLI WTEGI SJ TSP]RSQMEPW PSSO PMOI#
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x4

x3y

x2y2 = x2 + y2 � 1

xy3

y4

Ĝě
x5

x4y

x3y2 = x3 + xy2 � x

x2y3 = x2y + y3 � y

xy4

y5

Ĝě
...
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OPS ON THE SQUARE



IS THERE A GOOD BASIS 



QUADRATIC SURFACES OF 
REVOLUTION

We can form OPs on and inside 
quadratic curves of revolution

in arbitrary dimensions



Qn
m,k(x, t) = P(2m+d−1,0)

n−m (1 − 2t)tmPm
k ( x

t )

tmP(2m+d−1,0)
n−m (1 − 2t)Ym

ℓ (x)

On the cone

In the cone

Spherical harmonics

Ball OPs



Uses Slevinsky’s awesome FastTransforms package
which has spherical harmonic, triangular OP, and disk OP transforms

INTRODUCING…
CONEFUN!



� .YWX PMOI �(� [I LEZI FPSGO�XVMHMEKSREP .EGSFM STIVEXSVW Jx� Jy � Jz

Ĝ -R JEGX� XLI FPSGOW EVI EPWS XVMHMEKSREP �XVMHMEKSREP�FPSGO�XVMHMEKSREP


Ĝ %RH GER FI JSYRH MR GPSWIH JSVQ ZME .EGSFM TSP]RSQMEP QERMTYPEXMSRW

� .YWX PMOI �(� [I GER ½RH E PS[IV XVMHMEKSREP VIGYVVIRGI Lx,y,z YWMRK TWIYHS�MRZIVWI

SJ

0

@
B

x
n

B
y
n

B
z
n

1

A

Ĝ -R JEGX� MX GER FI [VMXXIR I\TPMGMXP] ERH MW O(n)

Ĝ 2S TSPIW�

� .YWX PMOI �(� [I GER YWI 'PIRWLE[ XS GSRWXVYGX f(Jx, Jy, Jz)

� ;I XLYW GER VIHYGI� I�K� ZEVMEFPI GSIJ½GMIRX ,IPQLSPX^

(�S + a(x, y, z))u = 0

XS E FERHIH�FPSGO�FERHIH QEXVM\
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TANGENT SPACE OF SPHERE



� 8S HS QSVI GSQTPMGEXIH 4()W PMOI WLEPPS[ [EXIV� [I RIIH XS [SVO [MXL u MR XLI
XERKIRX WTEGI SJ XLI WTLIVI

� ;I [MPP VITVIWIRX XLIWI YWMRK ZIGXSV�ZEPYIH TSP]RSQMEPW p(x, y, z) VIWXVMGXIH XS
XLI WTLIVI MR XLI MHIEP n(x, y, z) · p(x, y, z) = 0

Ĝ ,IVI n(x, y, z) = (x, y, z)> MW XLI YRMX RSVQEP

� 7SYRHW GSQTPMGEXIH��� FYX XYVRW SYX YWMRK XLI WYVJEGI KVEHMIRX SJ WTLIVMGEP LEVQSR�
MGW

rSPn ERH n⇥rSPn

EVI SVXLSKSREP ERH MR XLMW ZIGXSV�ZEPYIH TSP]RSQMEP WTEGI

Ĝ %RH XLI] LEZI XLI WXVYGXYVI SJ 34W� MRGPYHMRK XVMHMEKSREP�FPSGO�XVMHMEKSREP
.EGSFM STIVEXSVW Jx, Jy, Jz

� ;I XLYW KIX FERHIH�FPSGO�FERHIH QEXVM\ JSV EPP SJ XLI JSPPS[MRK STIVEXSVW�

Ĝ %GXMRK SR WTLIVMGEP LEVQSRMGW� rS � f(x, y, z)
Ĝ %GXMRK SR XERKIRX WTEGI� rS ·� n⇥� f(x, y, z)
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APPLICATION: 
SHALLOW WATER EQUATION 

WITH CORIOLIS FORCE



FUTURE DIRECTIONS

� 4()W SR WTLIVMGEP XVMERKPIW

� 4()W MR 1MROS[WOM WTEGIXMQI �,]TIVFSPMG FEPP


Ĝ %R] KSSH VIEWSR XS WSPZI [MXL FSYRHEV] GSRHMXMSRW SR XLI PMKLX GSRI##

� 7TEVWI WTIGXVEP QIXLSHW JSV 4()W MRWMHI GYVZIW

� 3XLIV WMRKYPEV JYRGXMSRW

Ĝ f(t) = f(t,
p
t) SR XLI TEVEFSPE y2 = x

� &SYRHEV] MRXIKVEP QIXLSHW#
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PIECEWISE SIMPLE GEOMETRIES?

Flow in channel with obstacles

Rockets!

Spectral element method in pipe


